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(i) We say that « is algebraic (over Q) if there exists f € Q[T]\{0} s.t. f(a) = 0. In this case,
there exists a unique monic polynomial fomn € Q[T], called the minimal polynomial of «, s.t.
Kerev, = (famin), where evy : P € Q[T] — P(a) € K.

(ii) We say that « is integral (over Z), or that o is an algebraic integer, if there exists a monic
polynomial f € Z[T] s.t. f(a)=0.

Proposition 1.1.2. Let K/Q be a field extension and let o € K be an algebraic number. Then « is
integral it fomin € Z[T].

Proposition 1.1.3. Let K/Q be a field extension and o € K.
(i) The following assertions are equivalent:
(a) « is algebraic.
(b) Q[a] is a finite-dimensional Q-vector space.
(¢c) There exists a nonzero finite-dimensional Q-vector space VC K s.t. oV C V.
(ii) The following assertions are equivalent:
(a) « is integral.
(b) Zla] is a finitely generated Z-module.
(¢) There exists a nonzero finitely generated Z-module M C K s.t. aM C M.

Proof. In both cases, (c) = (a) is a consequence of the Cayley-Hamilton Theorem (and the other
implications are easy). O

Corollary 1.1.4. Let K/Q be a field extension. If o, € K are algebraic (resp. integral), then
(o + B) and (af) are algebraic (resp. integral).

Remark 1.1.5. If K/Q is a field extension and o € K is algebraic, then there exists f € K integral
and m € N* s.1. a:%

Proposition 1.1.6. Let K/Q be a field extension.
(i) Ko ={a € K, « is algebraic} is a subfield of K containing Q.
(il) Ag = {a € K, « is integral} is a subring of K containing Z.
Moreover, Ky = Frac (Ap).

Notation 1.1.7. If K = C, we write Q (resp. Z) for the set of algebraic (resp. integral) numbers.

1.2 Number fields

Definition 1.2.1 (Number field). A number field K is a finite extension of Q. Its degree, denoted
by [K : QJ, is its dimension as a Q-vector space.

Remark 1.2.2. If K is a number field and oo € K, then the degree of a (i.e. the degree of fuo min)
divides the degree of K.

Theorem 1.2.3 (Primitive Element Theorem). If K is a number field, then there exists ¥ € K s.t.
K =Q ().

Corollary 1.2.4. Let K = Q (¢) be a number field. Then the set Homgeqgs (K, C) of embeddings of
K in C is in bijection with the set of complex roots of fymin. In particular:

|H0mﬁe1ds (K, (C)| = [K : @] .
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Definition 1.2.5. Let K be a number field and let 0 € Homygeqs (K, C).
e [fo(K) CR, we say that o is a real embedding.
e Otherwise, we say that o is a complex (nonreal) embedding.

We write X, (resp. 3.) for the set of real (resp. complex) embeddings K — C. We note that X.
is stable under complex conjugation, and we fix X, a set of representatives of the quotient of ¥. by
complex conjugation.

Notation 1.2.6. If K is a number field, we have Homgegs (K,C) = X, U X.. We write 1y = |5,
and 2ry = |X.|. Hence [K : Q] =11 + 2r5.

Corollary 1.2.7. If K is a number field, consider the map:
P:x€ K (0(2)),en,0m € R @ C=.
Then ® is a homomorphism of Q-algebras, which induces a homomorphism of R-algebras:
P : K ®g R — R¥ @ C,
This homomorphism ®g is actually an isomorphism.

Proof. Write K = Q( ) = Q[T/(f), where f = fomin. Hence, K ®y R = R[T]/(f). Now, if
g1y -+ Gr (resp. hq,..., h,,) are the irreducible factors in R[T] of f of degree 1 (resp. of degree 2),
then:

K @R =R[T/(f) = R[T)/ (9) & ---R[T]/ (9.,)) ® (R]T]/ () & - @ R[T]/ (hs,)) = R™ & C*.

Moreover, the implicit isomorphism is ®g. O

1.3 Traces, norms and discriminants

Definition 1.3.1 (Traces, norms and discriminants). Let K/Ky be a finite field extension. If o € K,
then the map ma gk, : ©* € K — ax € K is Ko-linear. We define:

(i) The trace of a: tri )k, (o) = tr (ma,K/KO) € K.
(ii) The norm of a: Nk g, (ar) = det (ma,K/Ko) € K.

(ili) The characteristic polynomial of a: f, k/K, = det (T idg —ma’K/KO) € Ko[T)].

We have:
oo = TN — trpe g (@) TR o ()OI N 1 ().

Proposition 1.3.2. Let K be a number field and o € K.

(i) We have:
fo,x/Q = 11 (T — o(a)) .

UEHomﬁelds(K,(C)
Therefare, trK/Q<a) = ZUGHomﬂelds(K,C) O'(Oé) and NK/Q(Q) = HoeHomﬁelds(K,(C) O'(Oé).
(ii) If L is a finite extension of K, then:

far/e = (fa,K/@)[L:K] :

[L:K]
Therefore, tryg(a) = [L : K]trgg(a) and Npjg(o) = (NK/Q(Q)) .
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Proof. Note that m, /g : K — K induces a R-linear map K ®gR — K ®gR. By the isomorphism
K ®g R ~ R* @ C, it induces a R-linear map A, : R* @ C” — R> @ C>. Now, compute the
matrix of A, in the canonical basis and deduce the result. [l

Proposition 1.3.3. Let K be a number field. Then the map by : (x,y) € K x K +— trg g(zy) € Q
is a nondegenerate Q-bilinear form. Moreover, after extending the scalars to R, the signature of the
induced R-bilinear form bg : (K ®g R) x (K ®gR) = R is (r; + ra,72).

Proof. The Q-bilinear form by : K x K — Q induces a R-bilinear form bg : (K ®g R) X (K ®g R) —
R, which induces a R-bilinear form by, : (RZT ) CEQ) X (RET ® (CEIC> — R. Now, by is the orthogonal
sum of the bilinear forms trg/r and trc/r. Using this, we show that by is nondegenerate of signature
(r1 4+ 1r2,79). O

Remark 1.3.4. Proposition 1.3.3 gives an effective way to compute r1 and ry.

Definition 1.3.5 (Discriminant). Let K be a number field of degree n. The discriminant of a n-uple
(Wi, .., wpn) € K™ is defined by:

A(wyy ... wy) = det <(trK/Q (wiwj)>

1§z‘,j§n> '
Proposition 1.3.6. Let K be a number field of degree n and (w1, ... ,w,) € K".
(1) [f Homﬁelds (K, (C) = {0’1, c. ,O'n}, then:

2
A, wn) = det (05 (Wi)y i j2n) -

(i) If A= (aij)1gz‘,j§n € M, (Q) and wi = 3"_ ajw; fori € {1,...,n}, then:
AW, wh) = (det A A (wr, ..., wy).

(i) A(wi,...,wn) # 0 if and only if (w1, ... ,wy,) is a Q-basis of K.

Example 1.3.7. Assume that K = Q(«), and [K : Q] =n. Then A (1, ...,a™ ') can be expressed
as a Vandermonde determinant, which gives:
II (o(a) = 7(a))

A(La,... 0" =(-1)
OET
= disc (famin)
— (_1)71(”271) Res (fa,min; fc/y,min)
(=15 Nigsg (fmin(@)) -

Example 1.3.8. Ifd € Z is not a square, and K = Q (\/Zl), then A (1, \/E) = 4d.

n(n—1)
2

1.4 Rings of integers

Definition 1.4.1 (Ring of integer). If K is a number field, then the ring of integer of K is defined
by:
Ok ={a € K, a is integral over Z} = {a € K, fomm € Z[T]} .

Ok is a subring of K, and K = Frac (Ok).
Example 1.4.2. Let d be a square-free integer. If K = Q (\/c_l), then:

OK:{Z[\/E ifd#1 mod 4

Z|%4] ifd=1 mod4’
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Proposition 1.4.3. Let K be a number field. Then Ok is a free Z-module of rank [K : Q).

Proof. Let wy,...,w, € Ok s.t. (wi,...,w,) is a Q-basis of K. Consider the bilinear form by :
K x K — Q given by the trace and let (w?,...,w?*) be the dual basis of (wy,...,w,) w.r.t. bg, i.e.

? n

bi (wi,w;’f) = 0,5 for all 7, 7. For a € Ok, one can write:

o= ZbK (o, wy)w; = ZtrK/@ (ow;) wy.
i=1 =1~

€z
Therefore: . .
@Zwi C O C @Zw;‘.
i=1 i=1
This shows that O is a free Z-module of rank n. O
Proof (Alternative method). Choose wy,...,w, € Ok s.t. (wi,...,w,) is a Q-basis of K and
A (wy,...,wy,) is minimal. Then we claim that (wy,...,w,) is a Z-basis of Ok. By contradiction,
if there exists o € O\ P}, Zw;, write a = 31 | a;w;, with ay,...,a, € Q. We may assume that

a; € Q\Z and that 0 < a; < 1. Now, we obtain:
A (a,wa, ... wn)| = a3 |A (Wi, -+ wn)| < A (Wi wn)]

which contradicts the minimality of A (wy, ..., wy,). O

Definition 1.4.4 (Discriminant of a number field). If K is a number field, then all the Z-bases of
Ok have the same discriminant. This discriminant is called the discriminant of K and denoted by
Dp.

Proof. If (wy,...,w,) and (w),...,w),) are two Z-bases of O, then the matrix of change of basis is

’rrn

A€ GL,(Z). Hence, det A € {£1}, and so:

AW, wh) = (det AP A (Wi, .. wp) = A(wr, ... wy) .

Example 1.4.5. Let d be a square-free integer. If K = Q (\/E), then:

Dy =

4d ifd#1 mod 4
d ifd=1 mod4

Example 1.4.6. For any number field K, the sign of Dy is (—1)".

Proposition 1.4.7. Let K be a number field. Let wy, ... ,w, € Ok s.t. (wi,...,w,) is a Q-basis of
K. Then:

n 2
A(wry .., wy) = (OK : @Zm) Dp.
i=1
Proof. Let (e1,...,e,) be a Z-basis of Og. Write w; = Y7, aje; for i € {1,...,n}, with A =
(@ij)1<; j<n € Mn (Z). Then A (wr, ..., wy,) = (det A)? Dg. Now, we have the following commutative

diagram:

zn xA zn

N

n
iz Lwi

Ok



By the Elementary Divisor Theorem, there exist P,Q € GL,(Z), di,...,d, € N* s.t. d; | d;4; for all
i and A = Pdiag(dy,...,d,) Q. Hence:

[1Z/dZ) = dy - dy, = |det Al

i=1

<0K : émi) —|Z"/Im A| =

i=1

O

Corollary 1.4.8. Let K be a number field. Let wy,...,w, € Ok s.t. (w1,...,wy,) is a Q-basis of K.
If A(wy,...,wy) is square-free, then D = A (wy, ..., wy,) and O = @, Zw;.

Remark 1.4.9. We now have an algorithm to compute Ok, given a number field K :
e Choose a Q-basis (w1, ...,wy) of K in Ok.
e Compute A (wy,...,wy).
e Find a square factor d of A (w1, ...,wy,) (if this is impossible, then Ok = @I | Zw;).
o Try to find a n-uple (ay,...,a,) € {0,...,d = 1}" s.t. w4+ - + %w, € O. If this is

possible, modify (wy,...,wy). Otherwise, try another square factor.

1.5 Cyclotomic number fields

Notation 1.5.1. If K is a field and n € N*, we define:
o n(K)={zeK, z"=1} < K*.
o 1 (K)={z€ K, z isof ordern in K*} < pu,(K).

We have p,(K) # @ <= |un(K)| = n. If this is the case, then p,(K) is a cyclic group and !, (K)
is its set of generators. Elements of u, (K) are called primitive n-th roots of unity.

Proposition 1.5.2.

(i) There exists a unique sequence (y,),cn- i Z[T] s.t.

Vn GN*, T —1 :H(I)d
dn

Moreover, ®,, is monic for all n € N*.
(i) If K s a field of characteristic prime to n, then:
p(K)={z € K, ®,(x) =0}.

The polynomial ®,, is called the n-th cyclotomic polynomial.

Remark 1.5.3. In C[T], one can write ®, = [1¢ep () (T = ().

Definition 1.5.4 (Cyclotomic number field). The n-th cyclotomic number field is by definition

Q (1n(C)) = Q (1,(C)).

Proposition 1.5.5. Forn € N*, &, is irreducible over Q. Therefore, if ¢, € p,(C), then:
Q(1n(C)) = Q(¢n) = QIT]/ (Pn) -

Hence [Q (1,(C)) : Q] = deg ®,, = |, (C)| = ¢(n), where ¢ is the Euler function.

Lemma 1.5.6. Let p be a prime number and v € N*. Then disc (®,v) is a power of p.
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Proof. Write n = p”. By Example 1.3.7, we have disc (®,,) = =Ng,)/0 (P}, (¢.)). Now, write:
TV —1 =&, (T) (17 —1).
After derivating and evaluating at (,,, we obtain:
nGi =@, (G) (¢ 1)

But Ng(c,)/0 (¢n) = £P,(0) because f¢, min = Pn, which leads to Ng(c,)/0 (¢F7!) = £1. To compute
No)/o (C};V‘l - 1), note that & = ¢ ¢ 1,(C), 80 femin = Pp and fe 1 min = Pp(T' + 1). Thus,
No(e)o(& — 1) = £0,(1) = +p because &, = TP ' + T2 4 ...+ T + 1. Now, we easily obtain that
disc (®,v) is a power of p. O

Remark 1.5.7. Forn > 3, if ¢, € u,(C), we can show that:

) nen)

disc ®,, = A (1,@, . ,C,f(”)_l) = (—1)L

‘v

Hp prime p
pin

In particular, the prime factors of disc ®,, are exactly the prime factors of n.

Lemma 1.5.8. Let p be a prime number. Consider a monic polynomial f € Z|T]. We say that f is
p-Eisenstein if f = T" mod p and f(0) #0 mod p*. In this case:

(i) f is irreducible over Q.
(i) pt (Ok : Z[a]) where K = Q[T]/(f) and « is a root of f in K.

Proof. (ii) By contradiction, let = € Og\Z[a] s.t. pr € Z[a]. Write z = 1 ZZ 0w, with

U, - .-, Up—1 € Z. Since x ¢ Z|a], there exists a minimal index i s.t. u;, & pZ. Hence
io—1 n n—1
1 1 up . Uiy o -
a” 1 0y — o 1 ZOZJO/_F L 1_+_7 Z UZ'OéZ (zo—l-l)'
i— P b P =i
—_———
z1 x3

But « is a root of the Eisenstein polynomial f, so o € pZ|a], which shows that x3 € Z[a] C Ok.
Moreover, a" 17z € O and z; € Z[a] C Ok. As a consequence:

U; _
700/1 ! S OK

p
Thus: (0
U; u; "
7> Nk (mw*>=l°.
/e p P
As p 1 w4, we obtain p”™ | f(0)"!, so p* | f(0), which is a contradiction. O

Corollary 1.5.9. Let f € Z[T| be a p-Eisenstein polynomial. If K = Q[T]/(f), then:
v, (Dg) = vy, (disc f) .

Theorem 1.5.10. If (, € p,(C), then:

Equivalently, D, cy) = disc (®,,).



Proof. First step: assume that n = p” is a power of a prime number p. By Lemma 1.5.6, disc ($,,)
is also a power of p, and so is Dg,,(c)) because Dy, (o)) | disc (®,,). Therefore, it suffices to show

that v, (Dun(@)) = v, (disc (®,)). But we see that ®, (7' + 1) is p-Eisenstein (because n = p).
By Corollary 1.5.9, v, (Dun(C)) = v, (disc (@, (T'+1))) = v, (disc (®,,)). Second step: write n =

pyt- - p¥r, with py,.. ., p, distinct primes. Let & = (" e p,vi(C) for i € {1,...,r}. Then we have
an algebra homomorphism A : Q (&) ®q -+ - ®0 Q (&) — QZ(C,L), which is surjective. As the two
Q-algebras have the same dimension, we conclude that A is an isomorphism, so Q (£;) ®g- - - ®oQ (&)
is a field: we say that Q (&) ,...,Q (&) are linearly disjoint. Moreover, Do), - - ., Dg(e,) are coprime
because Dgye,) is a power of p;. These two facts imply that:

Oy = * (Ogeen) ®z - ®2 Ogen)) = Z s, -, &1 = Z1Gal,
and Dy, = Do) - Do) O

Corollary 1.5.11. The prime factors of Dg,(c)) are ezactly the prime factors of n.

2 Ideal factorisation of algebraic numbers

Remark 2.0.1. Let K = Q (\/—5>- We know that O = 7 {\/—5}. In Ok, we have 6 = 2 x 3 =

(1 + \/—5> (1 — \/—5) : these are two distinct factorisations of 6 in Ok as products of irreducible
elements. Therefore, Ok is not a factorial domain. The aim of what follows will be to restore
factorisation in Ok.

2.1 Dedekind rings

Definition 2.1.1 (Dedekind ring). A ring A is said to be Dedekind if the three following conditions
are satisfied:

(i) A is integrally closed, i.e. integrally closed in its fraction field.
(ii)) A is noetherian.
(iii) Fwvery nonzero prime ideal of A is maximal.

Remark 2.1.2. Condition (iii) in the definition of Dedekind rings can be rewritten as dim A < 1,
where dim A is the Krull dimension of A.

Example 2.1.3. Fields and principal ideal domains are Dedekind.
Proposition 2.1.4. Let K be a number field. Then Ok is Dedekind.

Proof. As Ok is a free Z-module of finite rank (by Proposition 1.4.3), O is noetherian. Now, let
x € Frac (Ok) = K be integral over Ok. Then there exists a sub Ox-module 0 C M C K of finite
type s.t. M C M. But as Ok is itself a Z-module of finite type, so is M. Therefore, = is integral
over Z and x € Ok; this proves that Ok is integrally closed. Finally, let p be a nonzero prime ideal in
Ok and let z € p\{0}. Then we have zOx Cp C Ok. As 2Ok and Ok are free Z-modules of rank
[K : Q], so is p. Therefore, Ok /p is a finite integral domain, so it is a field and p is maximal. O



2.2 Factorisation of ideals in Dedekind rings

Proposition 2.2.1. Let A be a Dedekind ring. Let IT(A) be the set of nonzero ideals of A and let P
be the set of nonzero prime ideals of A. Then there is a natural monoid structure on I (A) (given by
multiplication of ideals), and this structure is compatible with the inclusion: if a C b, then ac C be.
Moreover, we have a monoid homomorphism:

N®) 5 1+(A)

2 (mp)peP — H pmp )
peP

where N) 4s the set of sequences indexed by P with a finite number of nonzero terms.

Definition 2.2.2 (Fractional ideals). Let A be a Dedekind ring. A fractional ideal of A is a nonzero
A-submodule a of K = Frac(A) s.t. 3d € A\{0}, da C A. The set of fractional ideals of A will be
denoted by I(A); it is a monoid.

Lemma 2.2.3. Let A be a noetherian ring. Then every nonzero ideal of A contains a finite product
of nonzero prime ideals.

Proof. If there exists a nonzero ideal a of A s.t. a does not contain any finite product of nonzero
prime ideals, then, since A is noetherian, we may assume a to be maximal among the ideals satisfying
this property. Now, a is not a prime ideal so there exist a,b € A\a s.t. ab € a. Hence, a C a+ Aa, so
there exist prime ideals py,...,p, s.t. a+ Aa D py - - p,. Likewise, there exist prime ideals qq, ..., qs
st.a+Ab D qy---qs. Now, a=a+Aab D (a+ Aa) (a + Ab) D py---p.q1-- (s, a contradiction. [

Notation 2.2.4. Let A be a Dedekind ring. For a € IT(A), we set:
a={re K, zaC A} € I(A).
Lemma 2.2.5. Let A be a Dedekind ring and let p be a nonzero prime ideal of A.
(i) ACh.
(i) p-p= A

Proof. (i) Let = € p\{0}. By Lemma 2.2.3, there exist prime ideals py,...,p, s.t. p;---p, C Az,
with 7 minimal. Since py---p, C p, there exists i s.t. p; C p and therefore p; = p (because p;
is maximal since A is Dedekind). We may assume that i = 1, thus ppy---p, € Az C p, and
p2---p, € Az by minimality of . Choose y € py---p,\Az. Hence, £ € p\A, which proves the
result. (ii) We have A C p, so p C pp C A. Therefore, pp = p or pp = A (because p is maximal
because A is Dedekind). The first case cannot happen: if pp = p, then elements of p stabilise the
A-module p, so by the Cayley-Hamilton Theorem, they are integral over A, so they are in A because
A is integrally closed. Therefore, pp = A. O

Theorem 2.2.6. Let A be a Dedekind ring. Then the homomorphism ¢ : N&¥) — I*(A) of Proposi-
tion 2.2.1 is an isomorphism.

Proof. We extend ¢ to a map ¢ : Z) — I(A). We shall prove that I(A) is a group, that ¢ is
a group isomorphism and that ¢ (N(P )) = IT(A). Surjectivity of p. By contradiction, consider an
ideal a € I7(A)\ Im ¢ and assume that a is maximal among the ideals of IT(A)\Im ¢ (because A
is noetherian). Then a is a strict ideal of A that is not prime, so there exists a prime ideal p s.t.
a C p. Therefore, a C pa C A (using Lemma 2.2.5). By maximality of a, we have pa € Tm ¢,
soa =ppa € plmy C Imyp, a contradiction. Now, if a € I(A), let d € A\{0} s.t. da C A.
Write da = ¢ ((mp)pep>, dA = ¢ ((np)pep), so that a = ¢ ((mp)pep - (np)pep) € Im. Injectivity
of p. Let (mp),cp € Z5), (ny),ep € ZW) st ¢ ((mp)pep) = ((np)pep). We may assume that
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Vp € P, min {my,n,} = 0. Now, if there exists p € P with m, > 0, then p D [];cp ", so there exists
g€ Pst. qCpandng>0. Thus q = p, which contradicts the assumption that min {m,,n,} = 0.
Ezistence of inverses in I(A). If a € I(A), we can write a = [[,cp p™, so that a™' = [[,cpp™"™,

and we may check that a=! = a. Image of N&)_ It is clear that ¢ (N(P)> C It(A). Conversely, if
ac IT(A), write a = [[yep p™ C A. Thus:

H p"e C H p M

msz mp<0

If there exists q s.t. mgq < 0, then [[,, >0 p™ C q and there exists p with p = q and m, > 0, a
contradiction. Thus, a € ¢ (N(P)). ]

Definition 2.2.7 (p-adic valuation). Let A be a Dedekind ring. Fora € I (A), we can write uniquely
a=JlLep p(@) . Forp € P, the function vy 1 IT(A) = N thus defined is called the p-adic valuation.

Proposition 2.2.8. Let A be a Dedekind ring and let a,b € I7(A). Then:
(i) Vp € P, v, (ab) = vy(a) + v, (D).
(i) a Cb<=Vp e P, v,(b) < vy(a).
(i) Vp € P, vy (a -+ b) = min {ep(@), vy (6)}.
(iv) Vp € P, v, (aNb) = max {v,(a),v,(b)}.

Definition 2.2.9 (Divisibility in I7(A)). Let A be a Dedekind ring. If a,b € I*T(A), we say that
a| b if one of the following two equivalent conditions is satisfied:

(i) Jc e I'T(A), b = ac.
(ii)) b Ca.

Remark 2.2.10. Let A be a Dedekind ring. For a,b € A\{0}, we have a | b (in A) if and only if
(@) [ (b) (in IT(A)).

Proposition 2.2.11. Let A be a Dedekind ring.

(i) Fora,b e I"(A), we have a4+ b = ged (a,b) and aNb =lem (a,b) (where the ged and lem are
defined by the notion of divisibility in It (A)). In particular:

ged (a, b) - lem (a, b) = ab.

(ii) Every a € IT(A) has a multiple which is a principal ideal. Moreover, we have:
a=ged((x), z € a\{0}).

(iii) Let a,b € IT(A) and assume that a and b are coprime (i.e. a+b = A). Then:

Ajab~ Ajaa A/b.

Example 2.2.12. Let K = @(\/— ) We know that Og = Z{\/—’é}. We have 6 = 2 x 3 =

(1—1—\/_)( \/_> Now, if we set py = (2,1+\/—_5):<2,1—\/—_5),p3:(3,1—|—\/—_5> and
ps = (3, 1— \/—_5), then pa, ps, vy are prime in O (which we show by computing Ok [p2, etc.). And

we have:
P=(2), pops=(1+V=5), paps=(1—v=5), paps=(3).

Thus, the unique factorisation of (6) is (6) = p3psps.
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2.3 Class group

Definition 2.3.1 (Class group of a Dedekind ring). Let A be a Dedekind ring. Then we have an
exact sequence:
1 — A — K* — I(A) — Cl(A) — 1,

where Cl(A) = I(A)/K* and where the map K* — I(A) is given by x — Ax. The group Cl(A) is
called the class group of A.

Proposition 2.3.2. Let A be a Dedekind ring. Then the following three assertions are equivalent:
(i) A is principal.
(i) A is factorial.

(iii) C1(A) = {1}.

Remark 2.3.3. If K is a number field, then the group Cl(Of) is finite.

2.4 Factorisation and ramification

Definition 2.4.1 (Norm of an ideal). Let K be a number field. If a is a nonzero ideal of Ok, we
define the norm of a by:
N (a) = |Ok/a] € N.

N (a) is finite because a is a free Z-module of rank [K : Q|, as we have seen in the proof of Proposition

2.1.4.
Proposition 2.4.2. Let K be a number field.

(i) If a € O \{0}, then:
N (aOk) = | Nisg ()|

(ii) N is multiplicative: N (ab) = N (a) N (b) for every nonzero ideals a and b of Of.

Proof. (i) Note that Nk g(a) = det (m,), where mq : O — Of is the multiplication by a. Now,
consider the following commutative diagram:

zn xA zn

R

Ox Mo Ox

Thus, N (aOk) = |Ok/aOk| = |Z"/Im A|. But using the Elementary Divisor Theorem, we see
that |Z"/Im A| = |det A| = ’NK/@(@)‘, as in the proof of Proposition 1.4.7. (ii) It suffices to prove
the result for prime ideals. Thus, let p and q be two nonzero prime ideals of A. If p # q, then
Ok /pq ~ (Ok/p) x (Ok/q), and the result is clear. If p = q, then we have an exact sequence:

0 —p/p* — Ox/p*> — Ok /p — 0,

so it suffices to prove that |p/p?| = |Ok/p|. But p/p? is an (O /p)-vector space, so it suffices to
prove that dime, s, (p/p?) = 1. To do this, choose a € p\p*. We can write (a) = p™b, with b prime
to p, m € N. Since a € p, we have m > 1; since a € p?, we have m < 2, so m = 1 and (a) = pb. As
A =p+b, we obtain p = p® + pb = p* + (a), so p/p* = Vecto, p (@). O
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Definition 2.4.3 (Norm of a fractional ideal). Let K be a number field. If a is a fractional ideal of
Ok and d € Ox\{0} is s.t. da C Ok, then we define:

-1

N (a) = N (da) | Niq(d)|
This definition does not depend on the choice of d.

Remark 2.4.4. Let K be a number field. If p is a prime ideal of Ok, then there exists a unique
prime number p s.t. pNZ = pZ, i.e. p € p, i.e. p|p.

Definition 2.4.5 (Residual degree and ramification index). Let K be a number field. Ifp is a prime
ideal of Ok, let p be the unique prime number s.t. p | p. Then the natural map Z — O /p induces
a field extension F, — Ok /p.

(i) We define the residual degree of p by:
f(p/p) = dimg, (Ok/p).
(ii) We define the ramification index of p by:

e(p/p) = v, (pOk) -

We say that p is ramified in K is there exists a prime ideal p | p s.t. e (p/p) > 2.

Proposition 2.4.6. Let K be a number field and let p be a prime number.
(i) Zppep/p) f(p/p) =[K:Ql.

(ii) For all ¢ € R, the set of ideals in O whose norm is bounded by c is finite.

Proof. (i) Write:
pOx = Hpe(P/p)'

plp

Computing the norms of both sides gives the result. (ii) Let ¢ € R and let a be a nonzero ideal of
Ok s.t. N(a) <c. Write a =p/™ ---p", and let p; be a prime number s.t. p; | p; for all i. Then:

c> N (Cl) =N <p1)m1 - N (pT>mr = p71”fL1f(P1/p1) . ,p:an(Pr/pT)_

Now, there is only a finite number of possibilities for py,...,p,, so there is only a finite number of
possibilities for py, ..., p, (because each prime number has a finite number of divisors in Ok). There
is also a finite number of possibilities for my, ..., m,, so there is only a finite number of possibilities
for a. O

Proposition 2.4.7. Let K = Q («) be a number field, with o € O and f = fomm € Z[T]. Let p
be a prime number s.t. p1{ (O : Z[a]). Consider a factorisation f = h$*---he of f in F,[T], with
hy,..., h, distinct irreducible polynomials in F,[T| and eq,...,e, > 1. For 1 < i <r, let g; be a
representative of h; in Z[T]|. Then:

(i) The ideals p; = (p, gi()), for 1 < i <r, are prime and distinct.
(i) For1<i<r, e(pi/p) =e; and f(p;/p) = degh;.
(iif) pOx = ITi—y pi"

Proof. We have the following commutatives diagram with exact rows and columns:
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Xp Xp Xp
0 Z]a] Ox — Ok/Z[a) — 0

Zlo]/pZle] Ok /pOk 0
The Snake Lemma gives an exact sequence 0 — Z[a]/pZ[a] — O /pOx — 0, which shows that:

Z|al/pZla) ~ Ok /pOk-.

Now, for 1 <17 < r, we have:

Ok /pi = Ok/ (p, 9i(a)) = Z[a]/ (p, gi(@)) = Z[T]/ (f, p, 9:) = Fp[T]/ (hi),

so Ok/p; is a field and p; is prime. Moreover, we have a map ¢; : F,[T| — Ok /p; ~ F,[T]/ (h;)
given by the canonical projection. Since Ker¢; = (h;), it is clear that p; # p; for ¢ # j (because
(hi) # (h;) for i # j). Furthermore:

f(pi/p) = dimg, (Ok /pi) = dimg, (F,[T]/ (hi)) = deg hi.

Finally, note that:

HPE’ =TI, gi(a H P, gi(@)”) C (p,Hgi(oz)ei> C pOk.
=1 i=1 i=1

Computing the norms of both sides, we obtain N (IT/_; pi’) = N (pOk), so [T/ p;" = pOk. O

Remark 2.4.8. Factorisation of polynomials in F,[T] is effective, so Proposition 2.4.7 gives an
algorithm to compute pOy for some values of p.

Corollary 2.4.9. Let K = Q(«a) be a number field, with a € Ok. Assume that f = famin 1S
p-Fisenstein. Then:
pOK - p[K@}J

with p = (p, a).

Example 2.4.10. If K = Q (1, (C)) and (m € pipm (C), then ®pym (T + 1) is p-Eisenstein. By
Corollary 2.4.9, pOx = p?" =D with p = (p, Gm — 1). Moreover, using the fact that ®,m (T + 1)
_ 1)Pm_1(17*1)

is p-Eisenstein, we see that p € ((m —1). Therefore pOx = ((m , and there exists

e €O st.p=ce(Gm— )P D),

Lemma 2.4.11. Let L/K be a finite and separable field extension. Then the symmetric bilinear
form b: (z,y) € L x L — trp/k (zy) is nondegenerate.

Proof. Let a € L. Let K*# be the algebraic closure of K. Thus, for 2,y € L

tro k(2y) = Z o(z)o(y).

o€Homgelds (L’Kalg)

If b(x,:) = 0, then ¥, cxomgyu.(L,k2) ()0 = 0. By the linear independence of characters, this

implies that o(z) = 0 for all 0 € Homygegs (L,K alg), and therefore x = 0. This proves that b is
nondegenerate. ]
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Theorem 2.4.12. Let K be a number field. Then a prime number p is ramified in K if and only if
p| Dk.

Proof. Consider the symmetric nondegenerate bilinear form b : (z,y) € K x K — trg/q(zy) € Q.
Note that b induces a Z-bilinear form b : Ox x O — Z. Now, consider the F,-algebra A = Ok /pOk,
and denote by = the projection O — A. We have:

i,y € O, Day) = tr (Ox = Ox) = tr (Oxe/pOx “™ Oxc/pOic ) = trys, (77) = (7.7)

where b : A x A — F, is the bilinear form induced by the trace. If B € M, (Z) is the matrix of b in a
Z-basis e of Ok, then B € M, (F,) is the matrix of b in the basis € of A. Therefore, b is degenerate
iff det B = det B = 0 iff p | det B = Dg. It remains to show that b is degenerate iff p ramifies in
K. To do this, factorise pOx = p7' - - - p¢* and apply the Chinese Remainder Theorem to obtain the
following isomorphism of [F,-algebras:

A @Ok /s
=1

Thus b = @;":151-, with b; = tr(oK/p‘?i)/JFp' Thus, b is degenerate iff there exists 1 < i < r s.t. b; is

degenerate. We shall now show that b; is degenerate iff e; > 1. If ¢; > 1, then A; = Ok /p$* contains
a nilpotent element T, so b; (Z,7) = 0 for all ¥ € A;, which shows that b; is degenerate. Conversely,
assume that e; = 1. Note that A; is a finite (separable) extension of F,, so by Lemma 2.4.11, b; is
nondegenerate. [

Example 2.4.13. By Theorem 2.4.12 and Corollary 1.5.11, p ramifies in Do, () iff p | n.

2.5 Factorisation in Galois extensions

Theorem 2.5.1 (Galois Connection). Let L/K be a finite Galois extension with Galois group G =
Gal(L/K). If Gg is the set of subgroups of G and Fpk is the set of subfields of L containing
K, then we have two reciprocal bijections Gg — Fr/x given by H € Gg —— L7 € Frx and
K' e fL/K — Gal (L/K,) € Gg.

Definition 2.5.2 (Residue field). Let K be a number field and let p be a nonzero prime ideal of Of.
Then the residue field of p is defined by:

K (p) = Ok/p.

Remark 2.5.3. Let K be a number field and let L/K be a finite Galois extension. Consider a
nonzero prime ideal p of Ok.

(i) We can factorise pOr, = IT;_, B in O.

(i) If*B is a prime ideal of O with P | pOy, then k (P) = OL /B is a finite extension of k (p) =

(i) Gal(L/K) acts on the set {P prime ideal of O, B | pOr}. Indeed, if P | pOp and g €
Gal(L/K), then g (pOr) = pOyr, and therefore g (R) is a prime ideal of Op with g (B) | pOr.

Proposition 2.5.4. Let K be a number field and let L/ K be a finite Galois extension. Consider a
nonzero prime ideal p of Ok.

(i) Gal(L/K) acts transitively on {P prime ideal of O, B | pOL}.
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(ii) The integer e (B/p) (resp. f(PB/p)) does not depend on P and will be denoted by e (resp. f).
Moreover, if g is the number of prime factors of pOpr, then:

[L: K]=efg.
Thus pOL = ;C-]zl mf, and dlmn(p) K (%2) = f

Proof. It suffices to prove (i). Let PB4, ..., P, be the distinct prime factors of pOy. By the Chinese
Remainder Theorem, there exists x € P\ (P U --- UP,). Now, consider y = [[yeqar/x) o) €
Of = Ok, with G = Gal(L/K). We have y = 2[[,uq0(z) € B1, so y € B1 N Ok = p. Thus, if
1 <i < g, then y = [lreca(/x) o(®) € p C Pi, so there exists 0 € Gal (L/K) s.t. o(x) € B, (by
primality). But o(z) € o (1) \ (¢ (P2) U--- U o (B,)), which shows that P; = o (P1). O

Definition 2.5.5 (Decomposition group and inertia group). Let K be a number field and let L/ K
be a finite Galois extension. Consider a nonzero prime ideal p of Ok.

(i) If P | pOy, define the decomposition group of B by:
D (B/p) = Stabgar/x) (PB) = {0 € Gal (L/K), o (P) = P}.

(ii) Each automorphism o € D (P/p) induces an automorphism of O /P which fizes k (p). This
defines a group homomorphism oy : D (P/p) — Gal (k (B) /k (p)). Now, the inertia group of
B is defined by:

I(B/p) =Kerog={o€ D(P/p), Vo € O, o(z) =2 mod P}.

Proposition 2.5.6. Let K be a number field and let L/ K be a finite Galois extension. Consider a
nonzero prime ideal p of Ok and a prime ideal P | pOp. Then:

(i) The group homomorphism @y : D (B/p) — Gal (k (B) /k (p)) is surjective.

(ii) With the notations of Proposition 2.5.4, we have:

D (B/p)=ef  and  |I(P/p) =e.

Proof. (i) Consider a primitive element a € x (), with minimal polynomial g €  (p) [T]. By the
Chinese Remainder Theorem, O /pOy is isomorphic to a direct sum Op/PB°Or & B OL/Q°OL.
Now, choose o € O, which corresponds to (a,0,...,0) in the direct sum (i.e. P is the only prime
ideal of Oy, dividing pOp, and not containing «). If f € O[T is the minimal polynomial of a over
K, then g divides f in & (p) [T]. Now, let 7 € Gal(k () /k(p)). As 7(a) is a root of g, there is a
root B of fin Op s.t. 5 =7(a) mod B. As Gal(L/K) acts transitively on the roots of f in L, there
exists 0 € Gal(L/K) s.t. o(a) = 5. We now see that o (P) =B, i.e. 0 € D (P/p), and pp(o) = 7.
(i) Use the fact that [x (B) : & (p)] = f. O

Corollary 2.5.7. Let K be a number field and let L/K be a finite Galois extension. Consider a
nonzero prime ideal p of Ok. Assume that e = 1, i.e. p is unramified in L, and write pOp =
PBi---Py. Then, for every 1 < i < g, we have:

D (Ri/p) = Gal (x (P) /5 (p)) = (Frob) ™),

with p | p and where Frobév(p) cx — zN®) . The preimage of Frobév(p) in D (PB;/p) will be called the
Frobenius element of ; and denoted by (B;, L/ K).
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Remark 2.5.8. Let K be a number field and let L/K be a finite Galois extension. Consider a
nonzero prime ideal p of Ok. Assume that e = 1. For B, | p and o € Gal (L/K), we can show that
(0 (B;),L/K)=0(Bi, L/K)o~'. Hence, p defines a conjugacy class in Gal (L/K). If Gal (L/K) is
abelian, then p defines a unique element of Gal (L/K), called the Frobenius element of p and denoted
by (p, L/ K).

Remark 2.5.9. Let K be a number field and let L/K be a finite Galois extension. Let K' be a
subfield of L containing K. Consider a prime ideal p of O, a prime ideal B of Op s.t. B | pOp,
and set p' =P N Ok.

(i) We have e (B/p) = e (B/y') - e(p’/p) and likewise for f and g.
(ii) We have D (B/p’") = D (B/p) N Gal(L/K') and I (P/p") =1 (B/p) N Gal (L/K’).

Proposition 2.5.10. Let K be a number field and let L/K be a finite Galois extension. Let K' be
a subfield of L containing K. Consider a prime ideal p of Ok, a prime ideal P of O s.t. B | pOy,
and set p' =P N Ok.

(i) p is unramified in p’ (i.e. e(p’/p) =1)iff I (RB/p) C Gal (L/K").
(ii) p is totally split in p' (i.e. e(p'/p) f(p'/p)=1)iff D (P/p) C Gal (L/K’).

Corollary 2.5.11. Let F' be a number field and let K1, Ky be two subfields s.t. F = K1K,. Let p be
a prime number.

(i) p is unramified in F iff p is unramified in K, and in Ks.
(ii) p is totally split in F iff p is totally split in Ky and in K,.

Proposition 2.5.12. Let n € N*. Consider the isomorphism:

X : Gal(Q (1 (C)) /Q) — (Z/nZ)"

given by o (¢,) = 49, where ¢, € !, (C) is fized. Let p be a prime number; let a € N and m € N
with ptm s.t.
n = p'm.

(i) If p | n, then p is ramified in Q (u, (C)), each prime divisor of p has ramification index e =
P L(p — 1) and residue degree f the order of p in (Z/mZ)™.

(ii) If p1n, then p is unramified in Q (u, (C)) and:

X ((p, Q (1 (C)) /Q)) = p.

Moreover, pOgu,(c)) = B1 -+ By, with residual degree f the order of p in (Z/nZ)™, and with

g= o

2.6 Quadratic Reciprocity Law
Definition 2.6.1 (Legendre symbol). Let a € Z, let p be a prime number. We define:

0 ifpla
a
(): +1 ifdzx€Z, a=2> modp.
p .

—1 otherwise

This defines a p-periodic map ( ) 27— {—1,0,+1}.

p
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Proposition 2.6.2. Let d € Z\{0, 1} be a square-free integer and let K = Q (\/c_l)

) Ox = Zh@ ifd=2,3 mod 4
YUz ifd=1 mod 4

4d if d =2 d4
(i) DK—{ if ,3 mo '

d ifd=1 mod4

ramified in K if (%) =0
(iii) If p is an odd prime number, then p is | totally split in K if % =+1.
inert in K if % =—1

Remark 2.6.3. We want to solve the two following problems:

(i) If p is a fized prime number, what are the integers x s.t. (%) =17

) =17

(ii) If x is a fized integer, what are the prime numbers p s.t. (

SR

Proposition 2.6.4. Let p be an odd prime number.
(i) Fora € Z, (%) =" mod p.

(ii)) The map (;) 1 F) — {£1} is a group homomorphism.

Proof. It suffices to prove (i). To do this, note that the group homomorphism z € F)* — 2? € Fy
has kernel {£1}, so its image F)** has cardinal =
g:zefFy— = Fx. It is clear that Img C {1} and Kerg D F*. As g is not trivial, we
obtain Kerg = Fx?, so g(x) = (%) for all z € F;. O

Now, consider the group homomorphism

Remark 2.6.5. Let p and q be distinct odd prime numbers. The Galois group Gal (Q (ﬂ) /Q) 1S

canonically isomorphic to {+1} via o — (‘\[) Moreover, p 1 Dy o(va)’ 0P is unramified in Q (ﬂ)

Thus, we can consider the Frobenius element ( ( ) ) and we have:
(2009 (4) _ (1)
V4 p

In other words, the above isomorphism sends (p,@ (\@) /Q) to (Q>.

p

Theorem 2.6.6 (Quadratic Reciprocity Law, Gau}). Let p and q be two odd prime numbers.

Proof. It suffices to prove (i) and to use Proposition 2.6.4. Let L = Q (p, (C)) and consider the
isomorphism x : Gal (L/Q) — F of Proposition 2.5.12. Define H = x* (FX 2) H is the only

subgroup of Gal (L/Q) of order 2, so K = L is the only quadratic subextension of L. As p is the
only prime that ramifies in L, it is also the only prime that can ramify in K; therefore Dy is a
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power of p. But K/Q is a quadratic extension, so Dg = +p. Therefore D = p* = (%)p and
K =Q (y/p*). We now show that (%) = (%):

(q) 1 g e B e x((0,Q (1 (T)) /Q)) € FX?

p
> (¢,Q(ny (C) /Q) € H = Gal (L/K)
<= ¢ is totally split in K = Q (x/]?)

*

— T?>-T+
— <p> — 1.
q

Remark 2.6.7. If p* is as in the proof of Theorem 2.6.6, it is possible to give an explicit expression
of a square root of p*. To do this, we define the Gaufl sum:

=Yg =¥ (4

a€lfp a€lFp

is split modulo ¢

]

Hence, we see that g> = p*. Using this, we can give an alternative proof of the Quadratic Reci-
o

procity Law. Indeed, we have (%) = (p*)Tl = ¢! mod qZI[(,), and g9 = > aer (%)qgjq = (%) g

mod ¢Z [(y]. Hence, we obtain (%) = (z%) mod ¢Z [(p] because g is invertible modulo q. Hence,
(%) = (%) because 2 & qZ [(p).

3 Class group and unit group

3.1 Lattices

Notation 3.1.1. In this section, V' is a real finite-dimensional vector space.

Definition 3.1.2 (Lattice). A lattice A in V is an additive subgroup of V which is discrete and
which generates V' as a vector space.

Example 3.1.3.
(i) Z™ is a lattice in R™. Actually, we shall see that every lattice is isomorphic to this one.
(i) {(a,b) € Z* a =2b mod 3} is a lattice in R>.
Proposition 3.1.4. Let A be an additive subgroup of V. The following assertions are equivalent:
(i) A is a lattice in V.
(ii) A is generated by a basis of V.
(iii) A s discrete and cocompact in' V' (i.e. V//A is compact).

Proof. (i) = (ii) If A is a lattice, then it generates V', so it contains a basis (ej,...,e,) of V.
Let Ay = @} Ze; € A. Then V = Ay + B, with B = Y7 [0, 1]e;, a compact set. Therefore,
A=A+ (BNA). As BN A is finite, we deduce that A/Ag is finite. Hence, if m = (A : Ag), then
Ag CAC %AO, so A is a free abelian group of rank n. Moreover, there exists a basis (e1,...,&,)
of Ag and dy,...,d, € N* s.t. (%51, e dﬁsn> is a Z-basis of A, and it is clearly a R-basis of V.
(ii) = (iii) Note that, if B is a basis of V' that generates A, then the isomorphisms Z" — A and
R™ — V induced by B give a commutative diagram of topological abelian groups:
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As a consequence, V/A ~ R"/Z™ is compact. (iii) = (i) Assume that A is discrete and cocompact
in V. Let W = Vect(A) C V. Then we have an exact sequence of topological abelian groups:

00— W/A—V/A—V/W—0.

Therefore, V/W is a compact vector space, so V/W =0, i.e. V =W. O
Notation 3.1.5. We now assume that V is equipped with a scalar product {-,-).

Definition 3.1.6 (Volume). There exists a unique translation-invariant measure 1 on V' s.t.

" (z[o 1151) =

for any unitary (i.e. orthonormal) basis (e1,...,e,) of V.. This measure will be denoted by Vol.

Definition 3.1.7 (Covolume of a lattice). If A is a lattice in V', then the covolume of A is defined
by:
Covol(A) = Vol (Z[O, 1]6,) ,
i=1
for any Z-basis (e, ..., e,) of A. This does not depend on the choice of the Z-basis: if (€},... el) is
another Z-basis, then the matriz of change of basis is A € GL,(Z), so that |det A| = 1.

Lemma 3.1.8. If A is a lattice in V', then:

Covol(A) = | det (eq,...,e,)

Y

where (€1, ...,&,) is a unitary basis of V and (ey, ..., e,) is a Z-basis of A.

Proposition 3.1.9. Let A be a lattice in 'V and let A’ be a subgroup of A. Then A is a lattice in V
iff (A:A') < +o0. In this case, we have:

Covol (A') = (A : A) - Covol(A).
Proof. Note that A’ is discrete and that we have an exact sequence of topological abelian groups:
0— A/N —V/N —V/A—0.

From this, we obtain that V/A’ is compact iff A/A’ is finite. Now, assume that (A : A’) < +o00. Then
there exists a Z-basis (e1,...,e,) of A and dy,...,d, € N* s.t. (dyeq,...,dye,) is a Z-basis of A’
Thus:

Covol (A') = ( det )(d161,---,dn€n) =dy---d,

and dy - -d, = (A: N). O

Theorem 3.1.10 (Minkowski). Let A be a lattice in V. Let C' be a nonempty subset of V' that is
bounded, convex and symmetric. If Vol(C) > 2" Covol(A), then C' N A\{0} # @. Moreover, if C is
closed, it suffices to assume that Vol(C') > 2™ Covol(A).
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Proof. Consider A’ = 2A. Then A’ is a lattice and Covol(A’) = 2" Covol(A). Pick a Z-basis
(€1,...,€,) of A" and let IT = >°' [0, 1]e;. We have V' = Uyeps (A + II), therefore:

C=U CnAX+1)={J A+ InNn(C-N)).

Aen’ AeN

Now, Vol(C) > 2™ Covol(A) = Covol (A") = Vol (II), therefore:

Vol(IT) < Vol(C) < 3 Vol (ITN (C = A)) .
AEA!

Therefore, the subsets (ILN (C' — X)), ., must have a nonempty intersection (for otherwise we would
have > ycn Vol (ITN (C' — X)) = Vol(II)). Hence, there exist A # pin A" and u,v € C' s.t. u— N\ =
v—p. Thus, 3 (u—A) =3 @w—u) e CNIN=CNA, and 1 (u—\) #0. O

2

3.2 Finiteness of the class group

Notation 3.2.1. Let K be a number field. Then we have an isomorphism K @g R ~ R* & C>,
which induces an embedding K — R> @ C¥:. This embedding will be denoted by ® and is given by:

Ve e K, ®(x) = (o(z))

oED, UL, *

Proposition 3.2.2. Let K be a number field. Then ® (O) is a lattice in R™ @ C™¢, and:
Covol (® (Ok)) = 27" | Dx|? ,

where R¥ @ C>¢ is equipped with the standard scalar product.

Proof. Write the matrix of ® (O ) in the canonical basis of R* &C>¢, and use Proposition 1.3.6. [

Corollary 3.2.3. Let K be a number field. If a is a fractional ideal of K, then ® (a) is a lattice in
R> @ C>, of covolume 27" |Dg|2 N (a).

Remark 3.2.4. If we replace R¥ @ C> by the subspace (RE" S Czc)mv of R* @ C* composed of

the points that are invariant by complexr conjugation, equipped with the scalar product induced by that
1

of R¥ @ C*, then Covol (® (Ok)) = |Dk]|?.

Lemma 3.2.5. Ifry,r, € N, R € R, we define:

r1 T
C(ri,r9, R) = {(zl,...,mmzl,...,zm) ERTBC?, Y |z +2) |z] < R} CR" ¢ C™.

i=1 j=1

Then Vol (C (r1,re, R)) = 2™ (E)m e

2 nl

Theorem 3.2.6 (Minkowski). Let K be a number field of degree n and let a be a fractional ideal of
K. Then there exists a € a\{0} s.t.

vl (5 (2) 1l ¥ o).

n?’L

Mg

The number Mg will be called the Minkowski constant of K.
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Proof. By Corollary 3.2.3, ® (a) is a lattice of covolume 272 |DK|% N (a). Therefore, for R € R,:

T2 Rn
) 1Dk N (@) = TN (@)

nn

Vol (C (r,79,R))  R" (7
2 Covol (® (a))  n! (4

Moreover, if x € K is s.t. ®(z) € C (r1,r2, R), then, using the inequality of arithmetic and geometric
means:

N (@) = lo1(@)] -+ lov, (@)] - (@) - 7o (2)

< (Jor(@)] + -+ o ()| + 2| () 4+ -+ 2y (@)])" <

nn

with ¥, = {o1,...,0,,} and X, = {r,...,7,}. By Theorem 3.1.10, if R is chosen s.t. £ =
MgN (a), then there exists a € an®~' (C (ry, 72, R)) \{0}, and we have [N (a)| < £ = MyN (a). O

Corollary 3.2.7. Let K be a number field of degree n.
(i) Each ideal class in Cl1(Ok) contains an ideal a C Ok with N (a) < Mk.

(ii) The group Cl(Ok) is finite and generated by prime ideals witn norm < M.

n" /r\"2\ > in
Dl > — (| — > —,
|Dic| 2 (n! (4) ) !

In particular, |Dg| > 1 if K # Q.

(iii) We have the inequality:

Proof. (i) Let C' € C1(Ok). Let a be a fractional ideal in C~'. We may assume that a C Ok by
multiplying a by some d € N. Now, by Theorem 3.2.6, there exists a € a\{0} with |[N(a)| < MgN (a).
As aOk C a, we have aa~! C Oy, so that:

N (aa™') = [N(a)| - N (a)™" < Mg,

and aa~! € C. (ii) By Proposition 2.4.6, the set of ideals with norm bounded by My is finite,

so Cl(Ok) is finite. Now, write C1(Og) = {@ay,...ay}, with a;, C Ok, N (a;) < Mg. For i €

{1,..., N}, we can write a; as a product of prime ideals py) with N (py)) < N(a;) < Mg, so

that C1(Ok) = <<p§l)) > (iii) Apply Theorem 3.2.6 with a = Of: there exists € Og\{0} s.t.
irj

IN(z)| < Mg. But |[N(z)|] € N*, so Mg > 1, which gives the first inequality. For the second one,

note that n™ > 2" !n! and therefore %’: (%)T2 > gn—l (%)m > gn—l (g)g = (%)%. O

Remark 3.2.8. By Theorem 2.4.12 and Corollary 3.2.7, Q is the only number field in which no
prime number ramifies.

Corollary 3.2.9. If K is a number field with My < 2, then C1(Ok) is trivial.

Example 3.2.10. Let K = Q (\/5) Then D = —20, so Mg = g\/S < 3. By Corollary 3.2.7,
Cl(Ok) is generated by prime ideals with norm < 2; these prime ideals are therefore divisors of
20yc. Using Proposition 2.4.7, we see that 20 = p3, where py = (2, 1+ \/—_5> is prime. Therefore,
Cl(Ok) = (p,), and p3 = 1. Now, p, is not principal, for otherwise there would exist x,y € Z? s.t.
2 =N (ps) = ‘NK/@ (3: + y\/—_5)’ = 2% + 5y%, which is impossible. As a consequence, py # 1, which
shows that:

Cl(Ok) ~7Z/27.

This method allows one to compute Cl(Of) for many number fields.
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3.3 Binary quadratic forms and class groups

Definition 3.3.1 (Binary quadratic form). A binary quadratic form is a map q : Z*> — 7Z of the
form q(x,y) = az® + bxy + cy?® for some (a,b,c) € Z3. The integers a,b,c are determined by q and
we shall sometimes make the identification ¢ = (a,b,c). The discriminant of ¢ is defined by:

disc(q) = b* — 4ac.

We have a natural action of GLy(Z) on the set of binary quadratic forms given by:

(g-4) (z,9) = q ((.9)'4) .

We say that two binary quadratic forms q and ¢’ are equivalent, and we write ¢ ~ ¢, if ¢ and ¢’ are
in the same orbit under the action of GLy(Z); we say that q and ¢’ are properly equivalent, and we

write g < ¢, if ¢ and ¢ are in the same orbit under the action of SLo(Z)

Lemma 3.3.2. SLy(Z) = (S, T), with S = (? _()1> and T' = ((1) })

Remark 3.3.3. If ¢ = (a,b,¢) is a binary quadratic form, then:
(a,b,c)-S = (c,—b,a) and (a,b,¢)-T = (a,b+2a,c+ b+ a),

with the notations of Lemma 3.3.2. These are called elementary equivalences; they generate the
equivalence relation L.

Proposition 3.3.4. If ¢ and ¢’ are two equivalent binary quadratic forms, then disc(q) = disc (¢').

Vocabulary 3.3.5. We say that a binary quadratic form q represents (resp. primitively represents)
an integer n if there exists (v,y) € Z* s.t. n = q(x,y) (resp. n = q(x,y) and ged(z,y) = 1). Note
that, if ¢ and ¢’ are two equivalent binary quadratic forms, then they represent the same integers,
and the same number of times.

Definition 3.3.6 (Fundamental discriminant). A fundamental discriminant is an integer D € 7Z
which satisfies one of the following two properties:

e Fither D is square-free and D =1 mod 4,
e Or D=0 mod 4, % is square-free and % %1 mod 4.

In other words, a fundamental discriminant is the discriminant of a quadratic number field (c.f.
Ezample 1.4.5). Given a fundamental discriminant D, we define:

FH(D) = {q binary quadratic form, disc(q) = D and q > 0}.
Remark 3.3.7. Let D < 0 be a fundamental discriminant. Consider K = Q (\/ﬁ), and assume
that ¥ (\/5) > 0 (this amounts to choosing an orientation of K ). Let ax = TD if D=0 mod 4,
or ag = % if D=1 mod 4. Then Ok = Z|[ak|. Now, if ¢ = (a,b,c) € F*(D), then:
g(z,y) = a(z —7(q)y) (v — 7(9)y) .

with T(q) = *l’%@. Thus, if h = {z € C, S(z) > 0}, then we have a map:

7: FH(D)—b.
Proposition 3.3.8. Consider the action of SLy(Z) onh = {z € C, I(2) > 0} given by:

a [ az+ 3

z= :
v 0 vz + 0
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(i) With the notations of Lemma 3.3.2, we have S-z=—% and T -z =z + 1.

(ii) Choose a fundamental discriminant D < 0. If 7 : F*(D) — b is the map of Remark 3.3.7,
then for g € FH(D) and A € SLy(Z):

T(q-A)=A""-7(q).

Lemma 3.3.9. Choose a fundamental discriminant D < 0. If ¢ = (a,b,c) € F*(D), then the
subgroup a = Za + Zat(q) of K = Q (\/E) is an ideal of Ok of norm a, and:

dle,) = =Niga (03— 7(0)y)

Proof. We start by showing that at(q) € Z+ak. Using this, we show that aax € a and ar(q)ak € a,
so a is an ideal of Ok. Moreover, its norm is given by:

= a.

N(a)= (O :a) = ‘det Mat (1,0,) (a,aT(q))’ = |det (8 "1‘>

Finally ¢(z,y) = a (x — 7(q)y) (x — @y) = %NK/Q (ax — a1 (q)y). O

Proposition 3.3.10. Choose a fundamental discriminant D < 0. Let K = Q (\/5) By Lemma

3.3.9, we have a map:
FHD) — I(K)

D : .
‘ q+— Za + Zat(q)

Composing ® with the natural projection 1(K) — Cl(Ok), we obtain a map:
¢: FH(D) — Cl(Ok).
Then ¢ is invariant under the action of SLy(Z): ¢ (q- A) = @(q) for all A € SLy(Z).
Proof. By Lemma 3.3.2, it suffices to prove that ¢ (¢-S) =¢(q-T) = ¢(q). Il

Theorem 3.3.11. Choose a fundamental discriminant D < 0. Let K = Q (\/E) Then the map
¢ FH(D) — Cl(Ok) of Proposition 3.3.10 induces a map:

0 : FH(D)/SLy(Z) — Cl1(Ok),
and this map is a bijection.

Proof. We shall construct the inverse of . Let a C K be a fractional ideal; write a = Zw; + Zws,
with det(i o) (w1, w2) > 0. We may assume that a C Ok Consider:

1
Gnn (T, Y) = 7= N (w1 — yws) .

N (a)
This defines a binary quadratic form. We compute disc (qu, w,) = D. Note that the image of g, w,
in F*(D)/SLy(Z) does not depend on the choice of the oriented basis (wy, ws) of a. Thus, we have a
map [(K) — F*(D)/SLs(Z). Moreover, for z € K with Ng/qg(2) > 0, we see that ¢.u, 2w = Guyws-
This implies that the map I(K) — F1(D)/SLy(Z) induces a map Cl(Og) — F(D)/SLs(Z),
which is an inverse of ¢. O
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3.4 Reduced forms

Definition 3.4.1 (Reduced form). A binary quadratic form q = (a,b,c) is said to be reduced if
|| <a<candifb>0 as soon as one of the two inequalities is an equality.

Remark 3.4.2. Choose a fundamental discriminant D < 0. Consider the map 7 : FH(D) — b of
Remark 3.3.7. Then, for q € FT(D), we have that q is reduced iff T(q) € D, where:

D:{Zéf), —;ﬁ?]?(z)<;and |z|>1}U{z€h, |z| =1 and —;S%(z)gO}.

Note that D is a fundamental domain for the action of SLy(Z) on b.
Proposition 3.4.3 (GauBl). Choose a fundamental discriminant D < 0. Let K = Q (\/5)

(i) Ewvery proper equivalence class in F (D) contains a unique reduced form.

(ii) The set of reduced forms in F*(D) is finite and reduced forms (a,b,c) satisfy |b] < a < \/@.
(iii) The class number hx = |Cl(Ok)| is the number of reduced forms in F* (D).

Example 3.4.4. Let D = —20, K = Q(\/—QO) = Q(v—S). Let us find the reduced forms of
discriminant —20. Let (a,b,c) € Z* s.t. b* — 4ac = —20, with [b| < a < \/23j < 3. Thus, a € {1,2}.
If a =1, we obtain q; = (1,0,5); if a = 2, we obtain ¢ = (2,2,3). Thus:

In general, this method is very efficient for computing the class number of a number field.

3.5 Unit group

Definition 3.5.1 (Unit group). Let K be a number field. The unit group of Ok is by definition its
group O of invertible elements. We have:

Ox = {z € Ok, Njo(x) € {£1}}.

Lemma 3.5.2. If K is a number field and m > 1, then the set {a € Ok,
union of cosets of Oj.

NK/Q(G)‘ = m} is a finite

Proof. If a € Ok with ‘NK/@(a)‘ = m then |Ok/aOk| = m and mOk C aOg, hence aOf belongs
to the set of principal divisors of mQOp, which is finite. If ay,...,as € Ok represent these principal
ideals, then each a € Ok with ‘NK/Q(CL)‘ = m can be written as a = ea; for some ¢ € Oy and

i€{l,...,s}. Therefore {a € Ok, NK/Q(G)‘ = m} =U;_, a;O0%. O

Lemma 3.5.3. Let K be a number field. Consider the subgroup:

G ={(@,2) €R™ ®C™, |ar| |y, | - |21 - |zl = 1},
of (R¥)™ x (C*)™. Then the quotient G/® ((’)IX() is compact and Hausdorff, where ® : K —
R>r & C* is the natural embedding (c.f. Notation 3.2.1).

Proof. Write V = R* @ C¥. Let C C V be a bounded convex symmetric subset with volume
Vol(C) > 2" Covol (® (Ok)), where n = [K :Q]. For g € G, the set g7'C is bounded convex
symmetric and Vol (¢7'C') = Vol(C) since g~! induces an isomorphism V' — V with determinant
+1. Consider the following map:

N:(z,2)eVi— x| |zn] |2 2] € R.
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Then N (¢7'C) = N (¢7') N(C) = N(C). By Minkowski’s Theorem (Theorem 3.1.10), ¢g~*C' con-
tains a nonzero element a € ® (O). As a € g7'C, we have ‘NK/@(CL)‘ € N(C), and N(C) is finite.
By Lemma 3.5.2, there exist aq,...,as € Ok s.t.

2 Cg'CNe(0x)\{0} Cg'CnJ®(a05).
i=1
This shows that g € ® (OIX() -Ui_, C®(a;). Therefore, G/P ((9}2) is Hausdorff (because ® ((’)IX()

is closed) and it is equal to the continuous image of the bounded set UJ;_; C® (a;), so G/® ((’)f{) is
compact. O

Theorem 3.5.4 (Dirichlet). Let K be a number field. Then Oy is of finite type. Its torsion subgroup
18:

p(K)={rxre K Im>1, 2™ =1}.
The group O /u(K) is free abelian of rank r = r +ry — 1, where ry (resp. 2ry) is the number of
real (resp. complex) embeddings K — C. In other words, there exist 1, ...,e, € Of s.t. the map:
u(K) x 22" — Oj
(e,a1,...,a,) —r it ¢

ar
r

s an isomorphism.

Proof. With the notations of Lemma 3.5.3, we have ® (OIX() = & (Ok) N G. Therefore, we know
that ® (O;{) is discrete and cocompact in G. Now if V = R*" @ C>¢, consider the map:

L:(x,2) € V' (log|zy],. .., log|z,|,2log|z1],...,2log|z,|) € R

Set H=L(G)={yeR*™ yy+ - +y,1=0)and A =L ((IJ ((’)[X<)), so that A is a lattice in H.
In particular, A is a free abelian group of rank dim H = r. And we check that u(K) = Ker (L o ®).
Thus, we have an exact sequence:

1 — p(K) — O 2% A — 0.

This gives the result. ]
Remark 3.5.5. If K is a real number field (i.e. K CR), then p(K) = {£1}.

Example 3.5.6. Let K = Q (ﬂ) By Dirichlet’s Theorem (Theorem 8.5.4), there exists € € Of

s.t. Of = {£1} x €%, Let n = 1 + /2. We see that Nig(n) = —1, son € OF. Now, let us show
that n generates O /{£1}. If u € OF is a generator of O /{£1}, then n = tu*, with k € Z. We
may assume that k > 0 and we wish to show that k = 1. Let o be the embedding K — C given

by a<\/§) = V2. Ifk > 2, then |u| = |77]% = (1—1-\/5)% < \1+V2 and |o(u)| = |a(7])|% < 1.
Therefore (u,o(u)) € F = {(y,z) €R? |yl <1+ V2 and |z| < 1} C R¥ @C¥. We finally prove
that FN® (Ok) = {0}, so u =0, which is a contradiction. Therefore:

Op = {1} x (1+v2)".

3.6 Application to the Pell-Fermat Equation

Theorem 3.6.1 (Lagrange). Let d > 0 be a square-free integer. Then there exists a nontrivial
solution (z1,y1) € N* X N* of the equation X* — dY? =1 s.t. every solution of this equation in Z>

is of the form (+x,,+y,), with z, + Vdy, = (ml + \/ayl)n forneZ.
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Proof. Let K = Q (\/E) We know that Z [\/E}X is a subgroup of Of with finite index. By
Dirichlet’s Theorem (Theorem 3.5.4), there exists ¢ € Z {\/E} " st
Z[Vd]" = {1} x &

Write e = u + vV/d, with u,v € Z. If Ngjg(e) = 1, then take z; = |u| and 2, = |v|; otherwise
Ni/g(e) = —1 and take 7; = |s| and o = |t| where * = s + tV/d. O

Proposition 3.6.2. Let x,y € N*. Then:

1
P —dy’ =1 = |- —Vd| < .
Y Y 2v/dy?
Proof. Show that 0 < o —dy? < 2 <= | — Vd| < . O

Remark 3.6.3. Proposition 3.6.2 means that solutions of the Pell-Fermat Equation correspond to
good rational approzimations of /d. These approzimations can actually be computed using continued
fractions.

4 Introduction to analytic methods

4.1 Dirichlet series

Definition 4.1.1 (Dirichlet series). A Dirichlet series is a function of the form f(s) = > ,en+ ann™%,
with (ay),cy- € CV.

Proposition 4.1.2. Let (a,),c € CV'. Suppose that there exists so € C s.t. 3 ,ene ann ™ con-

S

verges. Then, for any 0 € {0, g), Y onens Apn”° converges uniformly over (80 + R, e + R+e’i9).

Corollary 4.1.3. Let (ap),cn € CYN".  Then there exists p € R s.t. Y ,en» ann™* converges if
R(s) > p and diverges if R(s) < p. Moreover, the function defined by f(s) = Y ,en« @i~ ° 1S
holomorphic over {R(s) > p}.

Example 4.1.4 (Riemann (-function). Consider the function:

Then, with the notations of Corollary 4.1.3, we have p = 1.

Proposition 4.1.5. The Riemann (-function of Example 4.1.4 can be extended to a meromorphic
function on {R(s) > 0}, with only one pole at 1, which is simple and with residue 1.

Proof. For £(s) > 1, we have:

g(s):/loot—s dt+ > /n+1 (1—;> dt = Sil—kgo(s).

neN* <™ n’
©(s)
Therefore, it suffices to prove that ¢ defines a holomorphic function on {}(s) > 0}. O

Remark 4.1.6. The Riemann (-function can actually be extended to a meromorphic function on C,
with two simple poles at 0 and 1, and vanishing on 27 .
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4.2 Dedekind (-function of a number field
Definition 4.2.1 (Dedekind (-function). Let K be a number field. We define the Dedekind (-function

of K by:
Ck(s) = Z N (a)” Z apn”°,

aclt(Ok) neN*

where a, = [{a € I" (Ok), N (a) = n}| for n € N*.
Example 4.2.2. For K = Q, (g = ¢ is the Riemann (-function.

Proposition 4.2.3. Let K be a number field. Then:

k)= X N@T =T[(1-Nm™) ",

aclt(Ok) peP

where both the series and the product converge locally uniformly over {R(s) > 1}, and where P is the
set of prime ideals of Ok.

Proof. Let d = [K : Q]. Note that, for p € P, N(p) = p/®/P) > 1 and for any prime number p,
{p € P, p | p}| <d. Therefore:

S No<d ¥ i o
peP p prime
N(p)<X p<X

This shows the convergence of }>,cp N(p)~*, and therefore of [T,cp (1 — N (p)_s)il, over {R(s) > 1}.
Now, for s € R with s > 1, we have:

S N < [T (+NE=+NE) ™+ )= I 1-N@™)

-1

aclt(Ok) pepP pepP
N(a)<X N(p)<X N(p)<X
_s\ 1
<IT(-NE™)
peP

This shows the convergence of Y- .cr+(0,) N(a)7* on {R(s) > 1}. Moreover, for any s with $(s) > 1

Y Nec-[[-NE) < IN(@)] ™ ——0.

X—
aclt(Ok) peP aelt (Ox) oo
N(0)<X N(a)>X

Example 4.2.4. Let K = Q(i). Then:

1\ I 1\~ 1 1\
Caw(s) = (1 - S> <1 - 8) (1 - S) -
2 p=1 mod 4 p p=2,3 mod 4 p2

This example shows that (x encodes the behaviour of prime numbers in Of.

Corollary 4.2.5. Let K be a number field. Then:

> N(p)® N—logs—l > N(p

peP peP
f(p/p)=1
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Proof. Use the formula of Proposition 4.2.3 to compute log (x(s), and write:

ogGi(s)= > NG+ X N Y N

pepP peP peP

fp/p)=1 f(p/p)=2 m22
Show that the two latter sums converge for R(s) > 1. Using the fact that (x extends to a mero-
morphic function over {?R(s) >1-— ¥} with a simple pole at 1 (c.f. Theorem 4.3.6), we have

[K:Q]
log Ck () Y- log(s — 1). The result follows. O

Corollary 4.2.6. Let K be a number field.
(i) The set of prime ideals in Ok of degree 1 is infinite.
(i) If K/Q is Galois, then the set of prime numbers which split totally in K is infinite.

Definition 4.2.7 (Analytic density). Let K be a number field. Let S be a subset of the set of prime
ideals of O . If the quantity:

ZpeS N(p)_s ~ EpeS N(p)_s

Ypep N(p)— 1 log(s—1) °

has a limit 0 as s — 1, we say that S has analytic density 9.

Corollary 4.2.8. If K is a number field, then the set of prime ideals of Ok of degree 1 has analytic
density 1.

4.3 Class Number Formula

Definition 4.3.1 (Regulator). Let K be a number field. Recall that ¥ ((’)Iﬁ) is a lattice in H =

{ye R yy + -+ 4,41 = 0}, where ¥ = Lo ® with the notations of Theorem 3.5.4. We define
the regulator of K by:

Ry = Covol (¥ (05)),

1
vr+1
where H is equipped with the Euclidean structure induced by R™1.

Proposition 4.3.2. Let K be a number field. Let 1 < ig < r+1 and let m : R™"' — R" be the
projection on the hyperplane {y;, = 0}. Then:

Ry = Covol (7r o ((’)IX()) )

In other words, if €1,...,e, form a basis of O /u(K), and if we write ¥, = {o1,...,0,} and
Y =A{0m41,- o, Orim }, then:

Ry = |det (log |0 (€5)])1<i<r+1| -
122,

Remark 4.3.3. Let K be a quadratic number field.
(i) If K is real, then Ry = logle|, where € is a fundamental unit of O.
(i) If K is imaginary, then Ry = 1.
Lemma 4.3.4. Let (a,), oy € CV'. Consider the Dirichlet series Y ,ens ann™*.

(i) If (an) ey s bounded, then the series converges over {R(s) > 1}.
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(ii) Let Ay =N a,. If Ay =kN+O (Nl";) for some k € C and § € (0,1], then X, en- ann™°
has a meromorphic extension to {R(s) > 1 — 6} with a simple pole at 1, and with residue k.

Proof. Use an Abel Transform. ]

Lemma 4.3.5. Let A C R" be a lattice, and let I' C R™ be a bounded subset s.t. OI' is covered by
images of a finite number of Lipschitz maps |0, 1]”71 — R™. Then:
Vol(I)

e e
AN Covol(A)

"+ O (7).
Theorem 4.3.6 (Class Number Formula). Let K be a number field. Then the Dedekind (-function

(k. admils a meromorphic extension to {ﬁ?(s) >1— m} with only a simple pole at 1, and with:

2" (27T)r2 RKhK

Res; ((k) =

)

where wy, = |u(K)| is the number of roots of unity, and hx = |Cl1(Ok)| is the class number.
Proof. By Lemma 4.3.4, it is enough to study the asymptotic behaviour of:
Ay =|{a et (0k), N(a) < N}|.

For C' € Cl(Ok), we consider Ay = [{a € CNIT (Ok), N (a) < N}|; thus Ay = Yoecciox) Anc:
Now, fix ay € C and note that:

Ave = |{(@)a0, z € a;"\{0} and |Nijq(a)| < N N (ag) '}
= [{z € ag"\{0}, | Nisq(@)| < N - N (a0) "} /O
{v € ag"\{0},

)

Nig()| < N - N (a0) ™'} /U

1
_E‘

where Uy is the free abelian part of Cl(Ok)™, i.e. such that OF ~ u(K) x Uk (c.f. Theorem
3.5.4). Hence, in order to compute Ay ¢, we are led to find a fundamental domain for the action
Ux ~ K*. Recall that we have a map ¥ : K* — R™" st. ¥ ((’)IX() is a lattice in H (c.f.
Theorem 3.5.4). Consider a fundamental domain P C H for the action ¥ (Ux) ~ H. Then, if
w=(1,...,1,2,...,2) € R ¥~ (P + Rw) is a fundamental domain for the action Ux ~ K*.

Hence, we deduce that:
1

— —1

Y

where I', = U1 (P + (—oo, % log t} -w). Now, note that I'; = t'/"T";. Hence, using Lemma 4.3.5, we

obtain:
1 Vol (® (T'y))

wie Covol (@ (ap"))

Ayc = ‘NN (ap) '+ O (N

Using the facts that Vol (fl) = 2" (21)" 27 R and Ay = Yceciox) An,c, We obtain:

. 2mM (27T)T2 RKhK
- 1

WK |DK|§

An N—l—O(Nl’%).

The result follows by Lemma 4.3.4. ]
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4.4 Dirichlet characters and Dirichlet L-functions

Notation 4.4.1. Let a, N > 2 with ged(a, N) = 1. We define:
Pa,N:{pepapEa HlOdN},

where P is the set of all prime numbers. Our goal is to prove that P, n is infinite.

Remark 4.4.2. We have a holomorphic function defined by 3 ep, , p~° on {R(s) > 1}. Our aim
will be to prove that it diverges at 1. In particular, this will imply that P, n is infinite. We note that:

Yo p = Talp)p~,
PEP., N peEP
where @ is the class of a in Z/NZ. The map 15 : Z — {0,1} induces a map 15 : (Z/NZ)* — {0,1}.
But Representation Theory tells us that the set X of irreducible characters on (Z/NZ)* forms a
unitary basis of the set of maps (Z/NZ)* — C, relative to the Hermitian scalar product (- | -) given

by (f | g) = ﬁ > ve(z/NT)X f(z)g(x). Therefore, we have:

1
1z = X%;((X | ]lE)X = cp(]V)XzE;(X(a)X‘
Thus: 1 B
pe;w P X;( x(a) I;) X(p)p~*.
Ix(s)

Now, for every irreducible character x, f, defines a holomorphic function on {R(s) > 1} which has
the same behaviour at 1 as:

~tog T (1= x(ol) = fuls) + 3 M2
peEP m>2
peEP

Notation 4.4.3. If x is a character on (Z/NZ)* and s € C with R(s) > 1, we define:
-1
Lius) =TT (1=xp™) =X x(m)n".
peEP neN*

For any x, L(x,-) is a holomorphic function on {R(s) > 1}.

Lemma 4.4.4. If x is a nontrivial character on (Z/NZ)™, then L(x,-) can be extended to a holo-
morphic function on {R(s) > 0}.

Proof. Note that 3, x(n) = (x | 1) = 0 = O(1) and apply Lemma 4.3.4. O

Lemma 4.4.5. If xo is the trivial character on (Z/NZ)™, then L (xo,-) can be extended to a mero-
morphic function on {R(s) > 0}, with a simple pole at 1. Therefore:

log L (xo,8) = —log (s — 1) + O1(1).

Definition 4.4.6 (Dirichlet characters). Let N > 1. A Dirichlet character modulo N is a group
homomorphism x : (Z/NZ)* — C which extends to Z by defining x(n) = 0 if ged(n, N) # 1. The
conductor of x, denoted by cond(x), is the smallest integer M | N s.t. x factors through (Z/MZ)* .
We say that x is primitive if cond(x) = N.

Definition 4.4.7 (Dirichlet L-functions). The Dirichlet L-function of a Dirichlet character x is the
function L (X,) (c.f. Notation 4.4.3), where X is the unique primitive character induced by x.
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Example 4.4.8. If x is the trivial character modulo N, then X is the trivial character modulo 1 and
L (X,-) is the Riemann C-function.

Proposition 4.4.9. Let K be a subfield of Q (un (C)). Thus, K/Q is a Galois extension; we write
G = Gal (K/Q). Then, if G is the set of group homomorphisms G — C, we have:

xe@G

Corollary 4.4.10. Let x be a nontrivial character on (Z/NZ)*. We know that L (x,-) extends to a
holomorphic function on {R(s) > 0} (c.f. Lemma 4.4.4), and we have L (x,1) # 0.

Theorem 4.4.11 (Dirichlet). Let a, N > 2 with gcd(a, N) = 1. Then the set P,y is infinite.

Moreover, it has analytic density ﬁ.

Proof. Consider the holomorphic function defined by >2,cp, , p~° on {}(s) > 1}. Then we have:

o1 og(s — L x(a@)fy (s
S = D oy X @A) + o).

PEPa,N X7X0

Using Corollary 4.4.10, we conclude that > pep.y P " hasapoleat 1, and therefore P, y is infinite. [
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