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1 Introduction to stability

Definition 1.1 (Hamming metric). Forn € N, the normalised Hamming metric is the metric d,, on
S, defined by

d,(0,7) — Tll i {1, n}, oli) £ 7).



Theorem 1.2 (Arzhantseva-Paunescu, 2015). Nearly commuting permutations are near commuting
permutations.

Or more precisely: for all € > 0, there exists 6 > 0 such that for alln € N and for all 0,7 € G,
if d, (o7, 70) < 6, then there exist o', 7' € &,, such that o't" = 7’0’ and d,, (0,0") + d,, (1,7') < €.

1.1 Basic definitions

Notation 1.3. If S is a finite (or infinite) set, we shall denote by F = Fg the free group on S.

Definition 1.4 (Local and global defect). Let E CF be a set of reduced words in F. Let n € N and
f:85—6,.

(i) We say that f is a solution for E if f(w) =idg, for allw € E, where f:F— &, is the unique
extension of f to F.

(ii) The local defect of f with respect to E is
Lp(f) =Y dn (f(w),ids, ).

weE

(iii) The global defect of f with respect to E is
Ge(f)= inf > d(f(s),h(s)).

h:S—&
solution foT; E5€S

Definition 1.5 (Stability). Let £ C F be a finite set. We say that the family of equations (w = 1) g
is stable (in permutations) (or that E is stable) if there exists F' : [0,00) — [0,00) with limg F' = 0
such that for all n € N and for all f : S — &,,, we have

Ge(f) < F(Le(f)).
In other words, if the local defect is small, then so is the global defect.

Remark 1.6. The Arzhantseva-Paunescu Theorem says that {313251_132_1} is stable (in permuta-
tions).

1.2 Connection with group theory
Definition 1.7 (Stability of groups). Let I" be a group.

(i) A sequence of functions (f, : I' — &,),, .y s an asymptotic homomorphism is for all v,v, € T,

dn (fn (Mm72) 5 fr (1) fr (72)) P 0.

(ii)) The group I is stable (in permutations) if for any asymptotic homomorphism (f, : T' — &,,)
there is a sequence of homomorphisms (hy, : I' = &,,), o such that, for ally € T,

dn (fn(7); hn(7)) =2 0.

Proposition 1.8. Let S be a finite set and let E be a finite subset of Fg. Then the following
assertions are equivalent:

neN’

(i) The family of equations (w = 1), is stable.
(ii) The group (S| E) is stable.

Proof. Use the fact that d, (cad, cbd) = d,, (a,b), and fix for each v € I' = (S | E) a word over S*!
in the class of 7. O

Remark 1.9. The Arzhantseva-Paunescu Theorem says that 72 is stable.

Theorem 1.10. Let I be a finitely generated amenable group. Then ' is stable if and only if
IRS;;(T)"" = IRS(T).



1.3 Property testing

Remark 1.11. Suppose given two permutations a,b € &,, with n very large, such that one of the
following holds:

(i) ab = ba,
(ii) The pair (a,b) is at a distance at least € from the closest commuting pair (¢’ V') € &, x &,,.

We wish to know whether we are in Case (i) or (ii).
We may use a “sample and substitute” algorithm: sample x1,...,xx € {1,...,n} uniformly and
independently. Then report “Case (i)” if ab(x;) = ba (x;) for all 1 <1 < k, or “Case (ii) 7 otherwise.
Then
P (Reporting “Case (ii) 7| (i)) = 0.
Moreover, the fact that {818281_132_1} is stable implies that we can choose k independently of n such

that
P (Reporting “Case (1) 7| (ii)) < 4.

1.4 Stability in terms of group actions

Remark 1.12. Functions f : S — &,, correspond bijectively to actions Fs ~ {1,...,n}.
We would like to define the local and global defect of an action of Fg on a finite set X.

Definition 1.13 (Action graph). Given an action F ~ X, the action graph is the graph with vertex
set X, and with an edge labelled by s from x to s-x for all s € S and x € X.

Definition 1.14 (Local and global defect of an action). Let E C F. Suppose given an action F ~ X,
where X is a finite set.

(i) The local defect of X with respect to E is
1
Ls(X) = i Hens) € Ex X, -0 £ 2}

This measures how many words in E differ from loops in the action graph.
(ii) Consider another action F ~Y with |Y| =|X|. If h: X =Y is a bijection, we set

R

1Plls =
* x|

{(s,z) € S x X, h(s-x)#s-h(x)}].

This measures how far h is from inducing a graph homomorphism on actions graphs. We now
define
ds(X,Y) = gs,}(n;f?Y 1|5 -
rjection

The global defect of X with respect to E is

[Y]=|X]|
Lg(Y)=0

Proposition 1.15. Let f : S — &,, and X = {1,...,n}, equipped with the action induced by f.
Then

L(f)=Le(X) and  Gg(f)=Ge(X).



2 Invariant random subgroups and stability

2.1 Invariant random subgroups and random stabilisers

Definition 2.1 (Invariant random subgroups). Consider a discrete countable group I'. Denote by
Sub(I') the set of subgroups of T'. Note that Sub(T') is a closed subset of the space {0,1}" of all
subsets of I'. The latter, when equipped with the product topology, is a compact metrisable space.
Therefore, Sub(I") is also a compact metrisable space when equipped with the induced topology.

Now consider the space Prob (Sub(I')) of Borel probability measures on Sub(I'). We define an
action I' ~ Prob (Sub(I")) by

(v-p) (H) = p (v H7).

The space of invariant random subgroups of I' is
IRS(T") = {p € Prob (Sub(l")), Vy € I', v - u = pu}.

Example 2.2. (i) If N QT is a normal subgroup and dx is the Dirac measure at N, then dy €
IRS(T).

(i) If H <y T is a subgroup of finite index, then H has finitely many conjugates; write H =
{vH~™', v €T}. Then

1
kH’EH

(iii) Let (X,v) be a Borel probability space. Consider an action I' ~ X that is probability measure
preserving, i.e. such that for all Borel sets A C X, v(vyA) = v(A). Define a map

st : x € X —— Stabr(z) € Sub(I').

The random stabiliser is the probability measure 1 on Sub(T') defined by p = st.v, i.e. p(A) =
v (st™1(A)). Then p € IRS(T).

It turns out that every invariant random subgroup arises from a probability measure preserving
action in this way (c.f. Proposition 2.4).

(iv) Let H <y I'. Consider the action I' ~ T'/H. IfT'/H is equipped with the uniform probabil-
ity, then it is probability measure preserving. The random stabiliser is the invariant random
subgroup of (ii).

Remark 2.3. The space Sub(I') is compact and metrisable; it follows that every Borel probability
measure f on Sub(I') is outer regular: for every Borel set A C Sub(I'),
u(A) = inf u(U).

UDA
U open

Proposition 2.4. Let " be a countable group and p € IRS(I"). Then there is a probability space
(A,v) and an action I’ ~ (A, v) that is probability measure preserving such that the random stabiliser
of ' ~ (A, v) is .

Proof. First attempt. Let A be the space of pointed transitive ['-spaces up to isomorphism; in other
words,
A={[(X,2)], I' ~ X transitively, z € X},

where a bijection f : (X,z) — (Y,y) is said to be an isomorphism if it is y-invariant and satisfies
f(z) = y. Define an action I' ~ A by v - [(X, z)] = [(X,~vx)], and define a probability measure v on



A by the following law: “choose a random subgroup H < I' according to u and output [(I'/H, H)]".
Let us determine the random stabiliser of I' ~ (A, v). Given H C T,

~ € Staby ([(T/H, H))) < (U/H,vH) = (I'/H, H)
«— 3f:T/H ST/H, f(yH)=H
= Stabr (yH) = Stabr(H)
<= yHy ' = H <= v € Np(H),

where Np(H) is the normaliser of H in I". The converse implication is aso true, so the random
stabiliser can be described as N,pu, where N : H € Sub(I') — Np(H) € Sub(I'). This does not work;
we wanted to restore pu.

The reason why the above attemps fails is that there is too much symmetry: for instance, if
' =7 and p = d190z, then the measure v on A will almost surely pick the action Z ~ (Z/100Z,0),
and the stabiliser of a point is always Z because

x - (Z/100Z,0) = (Z/100Z, [z]) = (Z/100Z,0) .

In order to reduce the symmetry, we shall introduce a colouring on the I'-spaces (X, x).
Second attempt. We define

A= {[(X,x,a)] , I' ~ X transitively, z € X, 0 : X — {0, 1}N},

where a bijection f : (X, x,0) — (Y,y,7) is said to be an isomorphism if it is y-invariant, satisfies
f(z) = yand 0 = 7o f. Define an action I' ~ A by ~v - [(X,z,0)] = [(X,vyz,0)], and define a
probability measure v on A by the following law: “choose a random subgroup H < I' according to u,
choose a random function o : I'/H — {0, 1} uniformly at random and output [(I'/H, H,c)]”. Now
the random stabiliser of I' ~ A is indeed p. O

2.2 Weak-* convergence in Prob (Sub(I))

Definition 2.5 (Convergence in Prob (Sub (I'))). We equip Prob (Sub(I")) with the weak-+ topology.
Eaplicitly, given (j1n),>, and p in Prob (Sub(T')), we say that p, % w (we shall later omit the

mention “wx” from the notation) if for every A C B C T with B finite,
tin (Uag) —— 1 (Ua),

where
Uap={H T, HNB = A}.

Note that (Uag)acscr is a basis of open subsets of Sub(I') C {0,1}" that are also closed.

|B|<oo

Remark 2.6. If i is a probability measure on a set X, then for AC B C C' C X with C finite,

1n(Upa)= Y. n(Ucaup).
DCC\B

This equality is called the consistency relation for A, B, C.
Proof. Note that Up 4 = [Ipcevs Uc,aup- O

Lemma 2.7. Let X be a set. Suppose given, for each A C B C X with B finite, a real number
p(Uap) <1 and assume that all the consistency relations are satisfied (c.f. Remark 2.6). Then we
can extend j to a probability measure on X.

Proof. Use the Kolmogorov Extension Theorem. O]



Proposition 2.8. (i) IRS(I") is closed in Prob (Sub(I")).
(ii) Both IRS(I") and Prob (Sub(I)) are sequentially compact.

Proof. (ii) If (gn),~, is a sequence of probability measures on Sub(I"), then we can extract a subse-
quence (using a diagonal argument) such that (1, (Ua g)),~, converges to some real number i (Ua,p)
for all A C B C I with B finite. It then suffices to apply Lemma 2.7. O

Example 2.9. If ' =Z, then 4,z % 0g.

Remark 2.10. We now assume that the group I' is finitely generated, so there exists a surjective
map 7 : F — T', where F = Fg for some finite set S. We define a map

0 : H € Sub(T) — 7 '(H) € Sub(F).
Note that 0 is injective and that Im 6 is closed in Sub(FF), because

Img ={K <F,Kerrn<K}= () {K<FweK}= () U*I{Fw}a{w}'

weKer weKer

We will therefore consider Sub(I') as a closed subset of Sub(FF) (identifying it with Ny,cker = UFM}’{w}).

2.3 Invariant random subgroups of finite index

Lemma 2.11. IfT is a finitely generated group, then for alln € N, the set {H < T, [[": H] =n} is
finite.

Proof. Note that the set {H <T', [I': H| = n} injects into the set of morphisms I' — &,, (which is
finite) via the action I' ~ I'/H. O

Definition 2.12 (Invariant random subgroups of finite index). Let I" be a finitely generated group.
By Lemma 2.11, we may enumerate the finite index subgroups of I' as (Ki)z}l' We then define:

IRSy(I") = {,u € IRS(I), F(ai);s; € (R )Y ZOQ(SK pi and > a; = 1} :

i=1

Proposition 2.13. Let I be a finitely generated group and p € IRS(I'). Then p € IRS;(T) " if and
only if there is a sequence (Xy,), -, of finite sets with I'-action such that

nx, —>:U’7

where px, is the random stabiliser of ' ~ X,, (the set X,, being equipped with the uniform distribu-
tion).

Proof. (<) It is clear that if X, is finite, then the random stabiliser jx, is in IRS; ().
(=) If € IRS;(T)"", then there is a sequence (Un)pen in IRSy;(I) such that v, % p. For
n € N, write
Q; 5H7
o

where (C;) i1 1s the set of conjugacy classes of finite index subgroups of I'. Then set

H

|C | et



Hence A\, ﬁ V,. Now fix m and choose integers ry,...,7, = 0 such that >>",r, = k and

minimising > 7", |«

i=1 HeC;
Thus &y, k—> Am. After having fixed a representative H; of C; for all i, set
—00

X =TT (@/H)"".

==

=1

Then X is a finite probability space (equipped with the uniform measure) and its random stabiliser
is K. O

2.4 Stability and sequences of actions

Remark 2.14. Let E C F and consider an action F ~ X. Note that the local defect of X with
respect to E/' can be written as
=Y Plwr#x

wel
where x follows the uniform distribution on X.

Proposition 2.15. Assume that the group T has a finite presentation (S | E) and let # : F — T
be the corresponding homomorphism. Let (X,),-, be a sequence of finite sets equipped with an F-

action. Assume that the sequence (,an)W1 of random stabilisers converges in the weak-x topology to
p € IRS(F).
Then Lg (X,,) —— 0 if and only if u € IRS(T).

Proof. (=) Let w € Kerm = (E)). Write w = [[/_, giw’g; ', with g; € F, w; € E and ¢; € {£1}.
Thus

T

Px, (wz # 7) < Px, <L_J (giwsig ") @ # m) <Y Py, (o (g7 '2) # 9,7 '2)

i=1
—ZIP’Xn (Wit # o ZPXn (wix # )

TZPX (wzx # )—TLE(XR)

wek
— 0.

n—oo

It follows that, for w € Kerm,

WX, (U{w}7{w}) =Py, (w € Stabp(z)) —— 1.

n—0o0

But this also converges to u <U{w}7{w}), so the latter is equal to 1. Hence,

p(IRS(T)) = p ( N » (U{w},{w}>) =1,

weKer

or in other words p € IRS(T"). O

Lemma 2.16. Let (Z,),, be a sequence of finite sets equipped with a T'-action (where T is a discrete

countable group) such that piz, % p € IRS(T'). Given a sequence of integers (my),-, such that

My —— 00, there is a sequence (Yy),-, of finite sets equipped with a I'-action such that |Yy| = my
—00 >

wx
and pry, — [t.
k—o0



Proof. We use the following two ideas:
(i) I T' ~ Z, with Z finite, then pzu. = pz.
(i) T ~ T, with |T| < |Z|, then pzur =~ uz.

More precisely, define indices (i), such that

L 1
Vke{in7...,z’n+1—1},| |<
my n

My = Qi | Zn, | + 1%, With 0 < 1 < |Z,

For k > iy, write the Euclidean division of my, by |Z, Ll

Now set

ol
Ve =Z3*1T,,

where T, is the trivial I-action on 7 points. Hence |Yj| = my and, for all A C B C I' with B finite,

T r
y;, (Up,a) = mfZMTT,Q (Up,a) + (1 - m];) 12, (Up,a) ——— 11 (Upa). 0

Proposition 2.17. Assume that the group I has a finite presentation (S | E). Let (X,),-, be a
sequence of finite sets equipped with an F-action such that the sequence (pix, ), of random stabilisers
converges in the weak-x topology to u € IRS(F) with Ly (X,,) — 0. If we assume in addition that

IRS;(T)" = IRS(T),
then there are finite sets (Y,,), oy equipped with a I'-action, such that |Y,| = |X,|, and

[y, —— [t

" n—oo

Proof. By Proposition 2.15, p € IRS(I') = IRS(I) ". Therefore, by Proposition 2.13, there is a
sequence (Z,),-, of finite sets with a I'-action such that pz, %) . The result now follows from

Lemma 2.16. N

Notation 2.18. Given a group T' with a (finite) generating set S, we let
Br(r) = {5‘11 sk k<, (81,00 ,88) €SF (1, ep) € {jzl}k} :
Moreover, if A C Br(r), we write
Ura =Uppimya ={H <T, HN Bp(r) = A}.

Proposition 2.19. Let I' be a group with a finite generating set S. Given (j1,),,, and p in IRS(T'),
we have
oy —— == Vr =1, VA C Br(r), pin (U, 4) — w(Uya).

n—oo

2.5 Expander graphs
Remark 2.20. We wish to show that, in the context of Proposition 2.17, we have ds (X, Yy) — 0

*

(c.f. Definition 1.14). This will prove the reverse implication of Theorem 1.10: if IRS;(I') =
IRS(T"), then I' is stable.

We first give an example showing that this does not hold without the assumption that T is
amenable.

Proposition 2.21. (i) If p is a prime number, then the homomorphism w, : SLyZ — SLy (Z/p)
of reduction modulo p is surjective, and its kernel is

D(p) = {I +pA, A€ My(Z)} N SLyZ.

8



(ii) There are sequences (£n),~, and (qn),s, of prime numbers such that the sequence (%) 08

decreasing and converges to 2.

(iif) [SL2 (Z/p)l = (p+ )p(p —1).

Proof. (ii) Use the Prime Number Theorem: if p, is the numbers of prime numbers at most n, then
Pn ~ - L

logn*

Definition 2.22 (Expander graphs). Let X = (V, E) be a finite graph. The Cheeger constant of X
18

. |E(U, VD)
h(X) = min o
Ul<iv]

where E (Uy,Us) is the set of edges with one endpoint in Uy and the other in Us.

We say that X is an e-expander if h(X) > e.

A sequence (Xy),>, is said to be an expanding family (or a sequence of expander graphs) if
| X0 — and there exists e > 0 such that X,, is an €y-expander for all n.

Example 2.23. Let C,, denote the cycle graph on n vertices. Then (Cy), oy 5 not an expanding
family because h (C,) ~ 2 — 0.

Margulis used Kazhdan’s Property (T') to show that, if (Xy),, is a sequence of finite sets equipped
with transitive S LsZ-actions, then the graphs of the actions form an expanding family (where SL3Z
is equipped with a finite generating set).

Proposition 2.24. Equip SLy (Z/p) with the action of SLyZ by left multiplication for all primes p.
Then the sequence (SLs (Z/p)) is an expanding family (where SLoZ is equipped with a finite
generating set).

p prime

Example 2.25. Let ({,),, and (qn),s, be sequences of prime numbers such that the sequence

(%) - is decreasing and converges to 2. Define
n/n>

X, = SL, (Z/t,) and Y, =SLy(Z/q,)" 1T,

where T, is the trivial action on r, points, with r, chosen such that |X,| = |Y,|.
Make SLyZ act on (X)), and (Y,),~, in the natural way. Then

dim gy, = lim py, =6y € IRS(SLoZ).

However, there is a constant ng > 0 such that ds (X,,Y,) = no for alln € N.

Proof. Note that px, = dr(,). Since £, — > 00, it follows that

and similarly for py, because ﬁ — 0. To find a lower bound for ds (X,,Y,), let f, : Y, —

X, be a bijection. Consider a copy Z, of SLs(Z/q,) inside Y,,. Note that, in the action graph,
E(Z,,Y,\Z,) = @. However, since (X,), -, is an expanding family by Proposition 2.24,

B (Z0), X\ o (Za)] 2 ol (Z0)] 2 1520 1Xal.

It follows that dg (X, Y,) = 5. O



2.6 Convergence of [F-spaces

Definition 2.26 (Pointed S-graphs). A pointed S-graph of radius at most r is an oriented graph
Y with a distinguished vertex y € Y, where the edges are labelled by S, such that every verter has
at most one incoming s-edge and one outgoing s-edge for all s € S, and every vertex of Y is at a
distance at most r from y.

We denote by X, <, the set of isomorphism classes of pointed S-graphs of radius at most r. This
s a finite space.

Given a set C, we denote by ngr the set of isomorphism classes of pointed S-graphs of radius
at most r with a colouring o :' Y — C.

Definition 2.27 (Convergence of F-spaces). Given a F-space (X,v), there is a map fix,) : Xo<r — R
defined by

fxao ((V,9)]) =P (Bx(z,7) = (Y,y)),
where x is chosen randomly according to v and Bx(x,r) is the ball of centre x and radius r in the
action graph of B ~ X (c.f. Definition 1.13).
Now given F-spaces (Xy),-, and (X,v), we say that X, — X if

V> LYYy € Xacrs Fr ((V29)]) — Jixo (V2 9))

This notion of convergence is equivalent to the convergence of random stabilisers by Proposition 2.19.
Similarly, if there are colourings o, : X,, = C and 0 : X — C, then we can define X, — X
n—oo

as before, by replacing X, <, by XE.

LR

Remark 2.28. Recall from Proposition 2.4 that, given an invariant random subgroup p € IRS(T),

there is a canonical space (A,v) associated to 1 whose random stabiliser is pu: A = X,{OJ}N is the set
of isomorphism classes of spaces (Y,y, o), where Y is equipped with a transitive action of F, y € Y is

a distinguished point, and o ' Y — {0, 1} is a colouring. This set X,{O’l}N s equipped with an action
of F given by w - [(Y,y,0)] = [(Y,wy,0)] and the proof of Proposition 2.4 described the construction
of a probability measure pig 13 on X,{O’l}N without mentioning the o-algebra.

To make the o-algebra explicit, we shall equip X.{O’l}N with a metric and use the Borel o-algebra.

We say that two spaces [(Y1,y1,01)],[(Yz, 2, 09)] € X,{O’l}N are r-locally isomorphic, and we write
(Y1,y1,01) =~ (Ya,40,00) (forr >0) if

(Biy(moon)ys, ) = (Baye (ro02)is, )

where By is the ball of centre y; and radius v in Yy, and 7 : {0, 1}N — {0,1}" is the projection map.
Then we set
d ([(Yla Y1, Ul)] ) [(Y’% Y2, 02)]) = €Xp (—7”0) )

with ro =sup{r >0, (Y1,y1,01) = (Y2,92,02)}.

Remark 2.29. The space X.{OJ}N is compact and metrisable; it follows that jiro 1w is outer regular:
for every Borel set A C x{01",
w(A) = inf p(U).

UDA
U open

Definition 2.30 (r-local map). Let r > 0. A Borel map f : x{oB" s ¢ (with C finite) is said to
be r-local if

FUX, 2z, 0)]) = fF([(YV,y,7)])
whenever (X, z,0) ~, (Y,y, 7).

Remark 2.31. IfU C X,{OJ}N is open, then we can write U = U,>o U,, with U, C U, open, and
where 1y, : X0 = {0,1} is r-local.

10



Proof. Given [(X,z,0)] € X0 and r > 0, consider the ball of radius e~" centred at (X, z,0):
Bixgo)r = {(Y, Y, T) € X.{O’l}N, (X,z,0) and (Y,y, 1) are r-locally isomorphic} :

Given an open set U C X% define

Ur = U B(X,x,a),r-
B(X,z,o'),rgU
Then U, is open, U, C U,41, U = U,>o U, and 1y, is r-local. ]

Remark 2.32. By Remarks 2.29 and 2.31, we have the following: if B C X.{O’l}N is Borel and € > 0,
then:

(i) There exists an open set U D B such that jig1y:(U\B) < 5.

(ii) There exists r = 0 and an open set U, C U with 1y, r-local such that jugo 1y (U\U,) < 5.
Hence pugo 1y (BAU,) < e.

Lemma 2.33. Let o : X% — C be a Borel map with C finite. Let ¢ > 0. Then there exists r > 0
and an r-local map € : X%V — C such that

Ve e O, pigoym (a‘l(c)A€_1(0)> <e.
Definition 2.34 (Typical points of X101, The subset of typical points of X101 is defined by
T = {[(X, z,0)] € X0 o s injectz’ve}.
We have jigo 1y (7:{071}N) =1.

Remark 2.35. Let [(X,z,0)] € X{0U". Consider the action graph of F ~ X1 and equip it with
the root-colouring: the colour of (Y, y,7)] is T(y). Now take the connected component of [(X, z,0)]. If
(X, x,0) is a typical point, then this component is a coloured pointed S-graph isomorphic to (X, x,0).

2.7 The Elek Transfer Theorem

Proposition 2.36. Let (X,,),-, be a sequence of finite F-spaces. For everyn > 1 andy € X, choose
an element a,(y) € {0, 1} uniformly independently at random. This yields a random sequence
(an : X, — {0, 1}N> of colourings. Assume that

n>1

px, -2 1 € IRS(E).

Let pi(x, a,) be the probability measure on X,{O’I}N defined as follows: choose x € X, uniformly at
random, and output (F -z, x, ) € X,{Ovl}N; let pgo1y e the probability measure defined as follows:
choose H ~ j € IRS(F), choose o : F/H — {0, 1} uniformly at random, and output (F/H, H, o).
Then, with probability 1,
H(Xn,an) —— H{0,13N-

n—oo

Proof. Fix ro > 0 and (B,b, ) € X125 Define

0, <rp
Pn = IP)meXn ((Xna I‘) = (B7 b)) and p= IFD(Y,y)wu ((Y, y) = (B7 b)) :
Hence, pyx, —n (without colourings) means that p,, — P Similarly, let
= Pacx, (X, 00) = (B,b5)) - and 1 = Py (Yi,0) = (B,b,5)) = 2717,
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We want to show that p/, — p’ with probability 1. Note that

n " Iaa
P, =p ’A’Z

a€A,

where 4,, = {a € X,,, (X,,a) ~, (B, b)} and, fora € A,,, I, =1 ((X,, a,a,) ~, (B,b,3)). Therefore
it suffices to show that

> Lo ——271P,

a€An,

|A|

with probability 1 under the random choice of (,),.,. Note that E (I,) = 272" However, for
X, fixed, the (/,),. 4 are not independent, but there are only few dependencies, allowing us to use a
modified version of the Law of Large Numbers (due to Elek). ]

Theorem 2.37 (Elek Transfer Theorem). Let (X,,), -, be a sequence of finite F-spaces. Assume that
px, —— i € IRS(F),

or equivalently, X, — (X;{O’l}N,/L{O71}N). Let o : X;{O’l}N — C' be a colouring (with C' finite). Then
there exists a sequence (0, : X, — C),, of colourings such that

N
(Xn,0n) —= (X.{O’l} ;M{0,1}N70') :

Proof. By Lemma 2.33, for every € > 0, there exists » > 0 and an r-local map ¢ : X,{Ovl}N — C such
that

Ig0,1) (E_I(C)Aa_l(c)) <e.

Since this is true for all ¢ > 0, it suffices to show that there is a sequence (7, : X, — C),., of
colourings such that

(X T0) —— o (X.{O 2 s H{0,1}V; E)

Step 1. For n > 1, choose a, : X,, — {0,1}" uniformly and independently at random. By
Proposition 2.36, ,u(Xn an) > Moy Wwith probability 1. In particular, there exists a sequence

n—oo

(an : X, — {0, 1}N>n>1 for which the above holds.

Step 2. We have a sequence (a,),5, of {0,1}"-colourings from which we want to deduce C-
colourings. Define 7, : X,, — C by

To(x) =0 (Xpn,z,000) | € C.
— ——
cx ot

We want p(x, ) — ,LL(X.{OJ}N . Define

1#{071}1\![)
L:(X,z,0) € XU (X, 2,y = ((X,y,a)) € XC.
Then p(x, 7,) = Left(x,,an)- The fact that £ is r-local implies the continuity of L., i.e.

lim (X)) = llm L*,u( Xn,an) — L*M{O,l}N'

n—oo

Now, since TN = 1, we obtain L, = .
W, Sl Hgo, 1N ( ) w 1 H{o, 1}y N(/Y.{OJ}N,M{O,I}N,@)

12



2.8 The Ornstein-Weiss Theorem for amenable groups

Example 2.38. Consider the group Z? with its generating set S = {(1,0),(0,1)}. If B, is the ball
centred at 0 and with radius n in Z?, then |B,| = (2n + 1)* and |0B,| = 4 (2n + 1). Therefore

\
7
n—oo

0B, 2
| By n

Hence, it is “relatively cheap” to disconnect many points in Cay (Z*,S).
Definition 2.39 (Amenable group). Let I' be a group with a finite generating set S.

(i) A Felner sequence for I' is a sequence (F,),-, of finite subsets of I' such that I = U,,>, F,, and,

for all s € S*1,
| AsE,|

(ii) T" is amenable if it has a Folner sequence.
Example 2.40. The free group Fs is not amenable.

Definition 2.41 (Borel equivalence relation). Let X be a compact metric space. A Borel equivalence
relation is an equivalence relation B C X x X that is Borel as a subset of X x X (note that it does
not matter whether X x X is equipped with the product o-algebra or with the Borel o-algebra).

Notation 2.42. Let I' ~ (X, v) be a probability measure preserving action. Denote
Ex ={(z,vx),z e X, veT'} C X x X.

Then Ex is a Borel equivalence relation on X. If I' is countable, then every equivalence class of Ex
is countable.

Definition 2.43 (Hyperfinite equivalence relations). Let X be a compact metric space.
(i) An equivalence relation E C X x X is finite if every equivalence class is finite.

(ii) An equivalence relation E C X x X is hyperfinite if there is a sequence (Ey,),-, € X x X such
that E,, is a finite Borel equivalence relation on X, E,, C E, 1 for alln, and E = U,>, F,.

Example 2.44. Let X = {0,1}. Define By C X x X by (z,y) € Ey if and only if there exists
n € N such that x,, = y,, for all m = n. Then Ey is hyperfinite, because Ey = U,>1 F,, where
E,={(z,y) e X x X, Vm = n, £, = yn}.

Definition 2.45 (Hyperfinite action). A probability measure preserving action I' ~ (X, v) is hyper-
finite if there exists Xo C X Borel such that

(i) v (Xo) =1,
(ii) Xo s a union of orbits of ' ~ (X, v),
(iii) The equivalence relation Ex, is hyperfinite.

Theorem 2.46 (Ornstein-Weiss). Let I' be a countable amenable group. Then any probability mea-
sure preserving action I' ~ (X, v) is hyperfinite.

Remark 2.47. (i) The original motivation (due to Ornstein-Weiss and Dye) for the Ornstein-
Weiss Theorem was to show that all monoatomic ergodic probability measure preserving actions
of amenable groups are orbit equivalent.
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(ii) The Ornstein-Weiss Theorem is usually proved as a special case of the Connes-Feldmann- Weiss
Theorem.

Proposition 2.48. Let F = Fg be the free group on a finite set S. Let € > 0. Given an action
F ~ (X,v) that is probability measure preserving and hyperfinite, there is o : X — P(S) and an
integer k > 1 such that

(i) Every connected component has at most k vertices in the graph with vertex set X, and with
edge set {(z,sz), v € X, s € o(x)}.

(i) v(e ' ({S}) > 1 —e.

Proof. Let Xy C X such that v (Xy) = 1, I' ~ Xy (i.e. Xp is a union of I'-orbits) and Ex, is
hyperfinite. There is a sequence (E”>n>1 of finite Borel equivalence relations on Xy, E,, C E,,; for
all n, and Ex, = U,>1 E,. Define 7, : Xo — P(S) by

Tu(z) ={s €S, (z,sz) € E,}.

Note that Xo = U,>1 7, ' ({S}), and the sequence (7, " ({S})),,5; is increasing; it follows that
v (Tn_l ({S})) — v (X)) =1

In particular, there exists N > 1 such that v (7’1;1 {S })) > 1 — 5. Consider the graph with vertex
set X and with edge set {(z,sz), € X, s € 7y(x)}. All its components are finite, but there may
not be a uniform bound on the size of components. For k > 1, let

Lk = {(331,332) < EN, [xl]E‘N < k} .
Again, Ex = Ug>1 Li. Consider
op(x) ={s €S, (z,sx) € Li}.

Then 73" ({S}) = Ugz1 03" ({81), so

v (o7 ({51) —= v (' ({5D) > 1 -5,

so there exists K > 1 such that v (0;(1 ({S})) >1—c. O

2.9 The Newman-Sohler-Elek Theorem

Theorem 2.49 (Newman-Sohler-Elek). Let I' = (S| E) be a finitely generated amenable group,
(Xn)ps1 and (Yn),5, be sequences of finite I' spaces with | X,| = [Y,|. Assume that
lim fux, = Hm py, = p € IRS(T).

n—00

Then ds (X, Yn) — 0, where dg is the distance introduced in Definition 1.14.

Proof. We have an action F ~ (X.{O’l}N, /,L{071}N)7 with ,u(

X.{O,l}N

) = p. Since p € IRS(T), there

7“{071}1\!

exists A C X.{O’I}N with pug013v(A) = 1 and K = u, such that I' ~ (A, ILL{OJ}N). Now,

Avﬂ{oﬁl}N)
lim X, = lim ¥, = (4, pigoy) -

n—00

By the Ornstein-Weiss Theorem (Theorem 2.46), the action I' ~ (A, ,U{o,l}N) is hyperfinite. There-
fore, given € > 0, there is 0 : A — P(S) and k > 1 as in Proposition 2.48. We now think of P(.5)
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as a set of colours and use the Elek Transfer Theorem (Theorem 2.37) twice: we obtain sequences
(00 : Xn = P(5)),5, and (7, 1 Yy, — P(S5)),,, such that

lim (Xna O-n) = T}LHOlO (Ym Tn) - (A, H{o,1}N, 0) .

n—oo
By (*) with radius 0, we obtain
-1 -1
S )

= [i{0,1}1 (071(5)) >1—c.

By (*) with radius k, almost all connected components are of size at most k in the graph with vertex
set X, and edge set {(z,sz), © € X,,, s € 0,(x)}, and similarly for Y;,. This yields

dS’ (Xnvyn) g 2 |S| €
for n large enough. O]

Remark 2.50. Work of Elek and Szalo shows that Theorem 2.49 is actually a characterisation of
amenability.

Corollary 2.51. Let T' = (S | E) be a finitely generated amenable group. If IRSfZ-(F)Wk = IRS(T),
then T' is stable.

Proof. If T' is not stable, then there exists an g9 > 0 and a sequence (X,,),., of finite F-spaces such
that Lg (X,) < £ and Gg (X,) > €. Since IRS(F) is compact (by Proposition 2.8), we can replace
(X)ns1 by a subsequence such that (ux,),-, converges to some p € IRS(F). By Proposition 2.15,
p € IRS(I") because Lg (X)) —— 0. By Proposition 2.17, since IRS () " = IRS(T'), there is

a sequence (Y,),., of I'-spaces such that |V,| = |X,| and puy, —— . Now, by Theorem 2.49,
ds (X, Y) — 0, s0 g9 < Gg (X)) — 0, a contradiction. O

3 Examples of stable groups

3.1 Stability of Z¢

Definition 3.1 (Almost normal subgroup, profinitely closed subgroup). Let I be a group and let
H < T be a subgroup.

(i) H is almost normal if [ : Np(H)] < oo, where Np(H) ={y €T, yHy ' = H}.
(ii) H s profinitely closed if H = No<k<;r K.

Proposition 3.2. Let I' be an amenable group. Assume that Sub(T") is countable and every almost
normal subgroup of I is profinitely closed. Then I' is stable.

Proof. By Corollary 2.51, it suffices to show that, given p € IRS(I"), we have p € IRSfZ-(I‘)w*. Since
Sub(I") is countable, we can write
n= Z Oéci Z O
cee 1Ol e

for some (o) nonnegative such that Y cce ac = 1, where C is the set of all conjugacy classes of
subgroups of I' which are almost normal.

It is therefore enough to show that ‘—é' Y recOm € IRS fi(F)w* for all C' € C. But H is profinitely
closed by assumption, so there are subgroups K; <y Np(H) <y I' for i € I, with H = N;¢; K;.

Hence, if
1

- - 5 g
T Nl gy

Vv, = L,

then v, — ﬁ > _geT /Ny (H) OgHg-1- .

1— 00
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Corollary 3.3. Z¢ is stable.

Proof. We know that Z% is amenable, Sub (Zd) is countable. Given H < Z? we can write H =

i Z @ -+ ®myZ with Z¢ = H @ Z" after a change of basis in Z4. If H; = mZ ® -+~ & myZ & (iZ)"
for i > 1, then H < H; <j; Z% and H = \;», H;, so we can apply Proposition 3.2. O]

3.2 Stability of virtually polycyclic groups
Definition 3.4 (Polycyclic group). A group I' is polycyclic if there is a sequence
1:F0§1F1§F2§1§Fnzr,

such that Tyyq /Ty is cyclic for all 0 < i < n.
The Hirsch length of I', denoted by h(L'), is defined to be the number of infinite cyclic factors in
the above sequence.

Example 3.5. (i) Finitely generated nilpotent groups are polycyclic.
(ii) Do is polycyclic.
Proposition 3.6. Let I' be a polycyclic group.
(i) Bwvery subgroup H < T is finitely generated. In particular, Sub(I") is countable.

(ii) If T is infinite, then there is a subgroup A < T' such that A = 7" for some r > 1.

Proposition 3.7. If 1 = N - T — Q — 1 is an exact sequence of polycyclic groups, then
h(T') = h(N) 4+ h(Q).

Definition 3.8 (LERF group). A group is said to be LERF if every finitely generated subgroup is
profinitely closed.

Example 3.9. Free groups are LERF.
Theorem 3.10 (Maltsev). Polycyclic groups are LERF.

Proof. Let I' be a polycyclic group. Note that all subgroups of I' are finitely generated, so we want
to show that, it H <T', then H = Ny<g<,r K

Let g € I'\H. We want to construct H < K <j; I' such that ¢ ¢ K. If I' is abelian, this is the
proof of Corollary 3.3. If h(I') = 0, the result is clear. We proceed by induction on h(I'), assuming
that A(I") > 1. By Proposition 3.6, there exists A < I' such that A = Z" for some r > 1.

We claim that there exists m > 1 such that

gg HA™.

If this were false, then in particular g € HA, so we could write ¢ = ha with h € H and a € A. Since
g¢ H, a ¢ HN A. Hence, we have
ad HNA<A.

By the abelian case, there exists H N A < B <y; A such that a ¢ B. Since [A : B] < 0o, there exists
m > 1 such that A™ < B. By assumption, ¢ € HA™, so we can write ¢ = hyja; with h; € H and
a1 € A™ < B. It follows that ha = g = hiaq, so

aat =h{'he ANB < B,

so a € B, a contradiction.
Therefore, there exists m > 1 such that g € HA™. Now we have

gA™ & HA™JA™ < T/A™.
Since h (I'/A™) = h(I") — h (A™) < h(I"), the induction hypothesis implies that there is HA™/A™ <
KJA™ <4 T'JA™ such that gA™ ¢ K/A™. In particular, g ¢ K and H < K <4; I O
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Corollary 3.11. Polycyclic groups are stable.
In fact, virtually polycyclic groups are stable.

Example 3.12. For alln € Z, the group BS(1,n) = (x,y | yry~' = z") is stable.

3.3 Sufficient condition for instability

Definition 3.13 (Sofic group). Let I' be a finitely generated group equipped with a surjective homo-
morphism w: F — ', where F = Fg for some finite set S. We say that I" is sofic if

Skern = 01, € IRS;;(F)"".
Equivalently, T is sofic if there is a sequence (Xy), -, of finite F-sets such that
ux, — 611"'

It is an open problem to know whether or not there exist non-sofic groups.

Definition 3.14 (Residually finite group). A group ' is said to be residually finite if

N =i

Kﬂfil“
Proposition 3.15. Residually finite groups are sofic.
Proposition 3.16. If a group I is sofic but not residually finite, then I' is not stable.

Proof. Since T' is not residually finite, there exists vy € (ﬂKg ar K ) \{1}. Pick wy € F such that

7 (wo) = o, and denote by ¢y the length (relative to S) of wy. Since I' is sofic, there is a sequence
(Xn),; of finite F-spaces such that
,an — 5Ker7‘r~

n—oo

We consider balls of radius ¢y, and we define

A, ={zx € X,, (X,,x) > (I',1)}.

Therefore 42l —— 1. Let B, be a maximal subset of A, such that the balls (B (7,0)),ep, are

1Xnl  n—oo
disjoint. By maximality, |B,| > (2]S])"*° |A,[; it follows that for n large enough,
1 24
5 (215D X

—_—
c

|By| >

But for every = € B, we have wozr # x because 7 (wy) # 1. Hence, if Y is a finite I'-space with
Y| = |X,|, and y € Y, then [ : Stabr(y)] < oo, so v € Stabr(y), i.e. Yy =y, so woy = y. It
follows that

Gp (Xn) 2 ds (Xn,Y) > C >0,

but Lg (X,) —— 0. Hence, I' is not stable. O

3.4 Instability of BS(2,3)
Definition 3.17 (Baumslag—Solitar groups). We define BS(m,n) = (z,y | yx™y ' = a™).

Definition 3.18 (Metabelian group). A group I' is said to be metabelian if one of the following two
equivalent assertions is satisfied:

(i) T is nilpotent of class at most 2.
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(ii) There is an exact sequence 1 — Ay — ' — Ay — 1 with Ay, Ay abelian.

Proposition 3.19. BS(2,3) is free by metabelian, i.e. there is an exact sequence
1—-F—BS(2,3) - Q —1,
with F free and ) metabelian.

Proof. Write I' = BS(2,3) = (x,y | yz?y~' = 2%). Consider I < T'. Tt is clear that Q = T'/T” is
metabelian, so it suffices to prove that I is free. Define ¢ : I' = G L,Q by

11 30
2
x»—)(o 1> and y»—><0 1).

This gives a well-defined group homomorphism because o (y)p(z)%*o(y) ™' = p(z)3.
Moreover, Im ¢ is included in the subgroup T' C G L,Q of upper triangular matrices. But

T’Q{G) ‘f)me@}%(@,

so T" is abelian and T is metabelian. It follows that Im ¢ = I'/ Ker ¢ is metabelian, so
I'" C Ker .
Now consider the action I'" ~ I'/ (z). Note that this action is free: if v € ', then
0 {x) =70 () = 75 770 () = {x) = 75 770 € () NT" C (z) NKerp = {1}.

Note that I' can be written as the HNN extension I' = Zx*4, where ¢ : 3Z 5 27, and the action
I' ~ T'/ (x) corresponds to Zxs ~ Z %4 /Z. Bass-Serre theory tells us that I ~ I'/ (x) is a free

action on a tree by graph automorphisms without edge inversions, so I'” is a free group; in fact,
[ = Fy,. m

Definition 3.20 (Residually amenable group). A group I' is said to be residually amenable if there
is a sequence (H,),-, of normal subgroups of I' such that (N>, H, = {1}, Hny1 < H,, and T'/H,, is
amenable for all n > 1.

Proposition 3.21. Free by metabelian groups are residually solvable hence residually amenable.

Sketch of proof. Consider an exact sequence 1 - F -1 — @ — 1.

First note that F is residually finite: take a freely generating set S = {s1,$s,...} for F and
let w = sj---s;%, e; € {£1}. Consider the line graph X with (k + 1) vertices vy, ..., v, where
the v;_; and v; are linked by an edge labelled by s; , going towards v; if €; = 1, or towards v; 4
otherwise. This graph can be completed to an action of F on X. This gives a group homomorphism
pw : F— &x with p,(w) # 1. Hence, Ker p,, Iy; F and w & Ker p,,, so I is residually finite.

Iwasawa used this idea to prove a stronger result: if w € F\{1}, then there exists r > 1, n > 1

and
pw F—=UT. (Z/p")

such that p,(w) # 1, where UT, (Z/p™) is the subgroup of GL, (Z/p") of upper triangular matrices
with ones on the diagonal (c.f. Robinson for more details).

Now UT, (Z/p") is a finite p-group, so it is nilpotent and therefore solvable. Now take p,, : F —
UT, (Z/p") as above. Since UT, (Z/p") is step-¢ solvable for some ¢, we have F¥) < Ker p,,. But
w & Ker py,, so w ¢ FO . Hence,

FO = {1},

D)

¢
and F/F® is solvable. O

1
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Proposition 3.22. Residually amenable groups are sofic.

Sketch of proof. Let I' be residually amenable. Take a radius » > 1. Then there exists H < I' such
that I'/H is amenable and Cay(I') ~, Cay (I'/H). Since I'/H is amenable, it has a Fglner sequence

(Fy) 1 Take ¢ very large and consider the action Fg ~ Fy. Then almost all r-balls in F} look like
the r-ball in '/ H, which is the r-ball in T O

Corollary 3.23. BS(2,3) is sofic.

Lemma 3.24. Let A be a finitely generated group and let o - A — A be a surjective homomorphism.
Then for every finite set X and p: A — Sx, we have Ker a < Ker p.

Proof. Set Ax = Hom (A, &), and define o* : Ax — Ax by a*(¢) = ¢ o a. Since « is surjective,
a* is injective. But |Ax| < oo because A is finitely generated, so o* is also surjective. Therefore,
p = o« for some ¢ € Ay, so Kera < Ker p. ]

Proposition 3.25. BS(2,3) is not residually finite.

Proof. Write T' = BS(2,3) = (x,y | yz?y~! = 23). Define a : I' — I' by z — 2 and y — y. This is

a surjective homomorphism (because y = a(y) € Ima and x = a (yry'z7!) € Im ). However, we

have
« ((ywy1x1)2x1> =1,

and (yxyflel)z 2~ by Britton’s Lemma, so « is not injective. Therefore, I is not Hopf, and hence
not residually finite (by Lemma 3.24). O

Corollary 3.26. BS(2,3) is not stable.
Proof. This follows from Proposition 3.16. [

3.5 The lamplighter group
Proposition 3.27. The lamplighter group 7./2 1 Z is metabelian hence amenable.
Theorem 3.28 (Levit-Lubotzky). Let I' = Z/21Z. Then IRS;(T") "= IRS(T).

Sketch of proof. The main ingredients of the proof are:

(i) Weiss’” Monotilability Theorem: if I" is amenable and residually finite (or solvable), then there
exists a Fglner sequence (F},), ., with [F,,| < oo and a sequence (H,),,., of finite-index sub-
groups such that each F,, is a transversal for the left cosets of H, in I'.

(ii) Lindenstrauss’ Pointwise Ergodic Theorem.

Conjecture 3.29. If I" is a metabelian group, then IRSﬁ(F)w* = IRS(T).

Remark 3.30. There are step-3 solvable groups that are not stable, for instance

1 % % %
{0 pr % x 1
e o ) cen(efl]) mne
0O 0 0 1

Remark 3.31. Let ' =7/217Z. Consider the map
F:ze{0,1} +— @ Z/2 € Sub(I).

ne’
rn=1

Take the product measure v on {0,1}”. Then the pushforward F,v € Prob (Sub(T")) is an invariant
random subgroup and has no atoms.
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Remark 3.32. The lamplighter group Z/2 1 7Z is not finitely presented. However, there are two
(equivalent) ways in which we can give a meaning to stability:

o Definition 1.7 does not rely on finite presentability.

o We may modify Definition 1.14 and say that T is stable if for all € > 0, there exists 6 > 0 and
a finite subset Ey C E such that for all finite F-space X with Lg,(X) < 6, there exists a finite
[-space Y with |Y] = |X| and d(X,Y) < ¢.

4 Open questions
Question 4.1. Are metabelian groups stable?
Question 4.2. Are amenable LERF groups stable?

Definition 4.3 (Flexible stability). Given 0 € &,,, 7 € Sy, n < N, we define

d(o,7) = ]1[ (Hx e {1,...,n}, o(x) #7(x)}| + (N —n)).

We say that T' = (S | E) is flexibly stable if given f : F — &,, with Lg(f) small, there isn < N <
(14¢e)n and h: T — Sy such that d(h, [) is small.

Theorem 4.4 (Becker-Lubotzky). SL,(Z) is not stable for n > 3.
Question 4.5. Is SL, (Z) flexibly stable?

Theorem 4.6 (Bowen-Burton). If SL5(Z) is flexibly stable, then there exists a non-sofic group.

Question 4.7. Study stability when S,, is replaced by (U(n), % HHQ)
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