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Definition 1.1 (Free groups). Let S be a set, called an alphabet, and let S™' be the set of formal
inverses of elements of S, i.e. S7' = {s7' s€ S}. A word in the alphabet S is a finite sequence



of elements of SU S~ (with repetitions allowed), or the empty word. A word is said to be reduced
if it does not contain occurrences of ss~! or s='s for some s € S. Given a word, we can reduce it
by repeatedly removing any such subword. This induces an equivalence relation such that there is a
unique reduced word in each class.

We introduce the notations bb = b?, etc.

The free group on the set S, denoted by F(S), is the set of reduced words in S, together with the
operation of concatenation (followed by reduction if necessary).

The cardinality of S is called the rank of F(S) and denoted by vk F(S).

Theorem 1.2 (Universal property of free groups). Let F(S) be the free group on S, and let v : S —
F(S) be the natural inclusion. Whenever G is a group and ¢ : S — G is a function (of sets), there
is a unique group homomorphism @ : F(S) — G extending ¢, i.e. making the following diagram
commute:

g% . &

A

L
F(S)

In other words, homomorphisms F(S) — G are in one-to-one correspondance with functions S — G.
Proof. Given ¢ : S — G, define g : F(S) — G by

Psit e spm) =@ (1) - (sn)™ O
Corollary 1.3. If |S| = |T|, then F(S) = F(T).

Proof. 1f |S| = |T|, then there is a bijection 6 : S — T'. By the universal property of free groups, the
composite ¢ o @ : S — F(T) induces a group homomorphism 6 : F(S) — F(T) making the following
diagram commute:

>

S T
|
F(8) - F(T)
Similarly, there is a group homomorphism 6-1 : F(T) — F(S) such that =70t =1 067". Now the

homomorphism 6=t o § : F(S) — F(S) extends ¢ : S — F(S), so by uniqueness in the universal
property, it must be equal to idg(s). This proves that 0100 = idp(s), and likewise fof—1 = idp(r). O

Notation 1.4. We write F,, for the isomorphism class of F(S) with |S| = n.
Proposition 1.5. F,,, = F,, if and only if m = n.
Corollary 1.6. Fvery group is a quotient of a free group.

Proof. Given a group G, consider the free group F(G). By the universal property, there is a homo-
morphism 7 : F(G) = G extending id¢ : G — G, i.e. such that 7o+ = idg. This implies that 7 is
onto, and therefore G = F(G)/ Ker . O

Definition 1.7 (Subgroup generated by a subset). Given a group G and a subset A C G, the
subgroup generated by A, denoted by (A), is the intersection of all subgroups of G containing A, i.e.
the unique smallest subgroup containing A.

We say that G is generated by A, or that A is a generating set for G, if (A) = G.

We say that G is finitely generated if it has a finite generating set.

We shall write {aq, ..., a,) for ({a1,...,a,}), given aq, ..., a, € G.
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Example 1.8. (i) Z,, = Z/nZ and Z can be generated by one element only (they are called cyclic).
(ii) Z™ can be generated by n elements (and no less).

(iii) Fy = (a,b) = (a, ab).

Note that generating sets are not unique.

Definition 1.9 (Freely generated group). A group F' is freely generated by a subset S C F if for
any group G and any map ¢ : S — G, there is a unique homomorphism ¢ : F' — G extending .

Lemma 1.10. If a group F is freely generated by a subset S, then F is generated by S.

1.2 Subgroups of free groups
Remark 1.11. We wish to understand subgroups of free groups.

e Given any w € F,\{e}, (w) = Z.
o Given T C S, (T) is a free subgroup of F(S) of rank |T).

o [fS = {a,b}, the set {a "ba™, n € N} freely generates a subgroup of Fy that is isomorphic to
F.

Note that the last ezample shows that subgroups of finitely generated groups are not necessarily finitely
generated.

Proposition 1.12. IfY C X is a closed and simply connected of a “nice” space X, then
7T1X = 7T1(X/Y)

Corollary 1.13. The fundamental group of a graph with v vertices and e edges is a free group of
rank (e — v + 1).

Proof. If X is a graph, then it has a maximal spanning tree T". Since 7" is a tree, it has v vertices and
v — 1 edges. Now X/T is a bouquet of circles, with one circle for each edge of X\T', i.e. (e —v+1)
edges in total. By Proposition 1.12, mX = m (X/T) = F._,41. O

Theorem 1.14 (Nielsen-Schreier). Let H be a subgroup of the free group F,. Then H is free;
moreover, if H has finite index in F},, then

(ckH — 1) = 0k F, — 1)[F, : H].

Proof. Let X be a bouquet of n circles and let X be the universal cover of X, i.e. an infinite tree
where each vertex has degree 2n. We have m X = F,,. By the Galois Correspondance, there exists
a covering space X over X such that m; X = H. Since X is a graph, X is also a graph. Therefore,
Corollary 1.13 implies that H is free.

Now if [F, : H] < oo, then the degree of X as a covering space is [F, : H], so X has [F}, : H]
vertices. Moreover, each vertex in X has degree 2n (because the only vertex of X has degree 2n), so
the number of edges of X is £ (2n - [F,, : H]) =n[F, : H]. It follows that

tkH=n[F,:H - [F,:H+1=(kF,-1)[F,: H + 1. O

Remark 1.15. If we define the rank of a group as the cardinality of a minimal generating set,
then for any finitely generated group G and for any finite index subgroup H, we can prove that
(tkH—-1)< (tkG—-1)[G: H].



2 Group presentations and constructions

2.1 Group presentations

Definition 2.1 (Normal closure). If G is a group, the normal closure of a subset A C G is the
unique smallest normal subgroup of G containing A, denoted by (AY) or (A)©.
It is the subgroup of G generated by {g'ag, g € G, a € A}.

Definition 2.2 (Presentation of a group). Given a free group F(S) and a set R C F(S), we define

(S| R) = F(S)/ (R) .

The elements of S are called generators and the elements of R are called relators.
A presentation of a group G is an isomorphism of G with a group of the form (S| R). We say
that G is finitely presented if it admits a presentation (S | R) with S, R finite.

Example 2.3. (i) (S| @) = F(S).

(i) (a|a™) = Z,.

(iii) (a,b | aba=1b1) = 72

(iv) More generally, finitely generated abelian groups are always finitely presented.

This is also true of nilpotent groups, i.e. groups G such that the lower central series defined
by Gii1 =[Gy, G] terminates in a finite number of steps in the trivial group.

Proof. (iii) Note that Z? = {c¢™d™, m,n € Z}, where ¢ = (1,0) and d = (0,1). There is a surjective
homomorphism ¢ : F(a,b) — Z?* defined by a — c and b +— d. It is clear that {aba='b~1)) C Ker ¢
because cd = de. Therefore, there is a surjection (a,b | aba™*b~') — Z* But {a,b | aba™'b7!) is 2-
generated and abelian, so the classification of finitely generated abelian groups allows us to conclude
that it has to be isomorphic to Z? (otherwise it could not surject to Z?). O

Remark 2.4. We have (a,b | aba='b=% a=2b"tab) = {1}.

It is difficult in general to tell which group is given by a particular presentation. Indeed, there does
not exist an algorithm that, upon input of a presentation, can determine whether the corresponding
group s trivial.

This is called the word problem; it was introduced by Dehn in the early twentieth century, and
the classes of groups for which it does have a solution are often geometric.

Remark 2.5. There are uncountably many isomorphism classes of finitely generated (or even 2-
generated) groups (c.f. [4]) but only countably many isomorphism classes of finitely presented groups.

Theorem 2.6. Given a (not necessarily finite) presentation (S| R) of a finitely presented group G,
there exists a finite subset Sy C S and a finite set R of elements of the free group F (So) such that

<So | R> s a finite presentation of G.
Proof. See [4]. O

2.2 Finite index subgroups of finitely presented groups

Remark 2.7. We now aim to prove that finite index subgroups of finitely generated (resp. presented)
groups are finitely generated (resp. presented).

Definition 2.8 (Schreier transversal). Let F'(S) be a free group and H < F(S) be a subgroup. A
(right) Schreier transversal for H in F(S) is a set J of reduced words such that each right coset of
H in G contains exactly one word of J (called a representative of this class) and all initial segments
of these words are also in J (for instance, if aba™'0? € J, then a,ab,aba™', - € J).

In this setting, for each g € F(S), we denote by g the element of J such that Hg = Hg.
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Theorem 2.9. Let H < F(95).

(i) There is a Schreier transversal J for H.
(ii) Moreover, H is freely generated by the set {ts (ts) "', ted sebl ts(ls) ' # 1}.

Proof. Let X be a bouquet of circles indexed by S, so that m; X = F(S). Let X be the cover of X
corresponding to the subgroup H < F(S). Hence, m; X = H, and X is a graph. The vertices of X
correspond to cosets of H in F(S), and choosing a path from a fixed basepoint to a vertex gives a
coset representative for that coset.

Now pick a maximal spanning tree 7" in X. Choosing the unique paths to each vertex in T
gives coset representatives such that initial segments are also such paths. The group H = mX
is freely generated by the set of loops with exactly one edge not in 7', which corresponds to

{ts(@)™" ted seS ts(ts) £1}. O

Remark 2.10. The above proof shows that the set of Schreier transversals for H < F(S) is in
bijection with the set of mazimal spanning trees in X .

Remark 2.11. Let H < F(S). Fort € J and s € S, we write v(t,s) = ts(fs)"'; hence, the set
B ={v(t,s),te J s€S, y(t,s)#1} freely generates H. Now given h € H written as $183 -+ Sp,
with s; € SU ST, we can rewrite

h=~(1s1)7(51,82) 7 (ST 81, 5n) ,
-1
because v (t,s71) = v (ts—l, 5) . This is called the Reidermeister-Schreier rewriting process.

Theorem 2.12. Let G be a group with a presentation (S| R) and let ¢ : F(S) — G be the homo-
morphism corresponding to this presentation.

Let G1 < G and let H be the subgroup of F(S) containing Ker ¢ such that o(H) = Gy. Then G,
has the presentation

Gy = <’y(t,s), teJ seS yts)#1|trt ™ teJ re R>,
where J is a Schreier transversal for H in F(S).

Proof. We have Gy = H/ {(R)"™ but we would like to have Gy = H/ {R)™. By Theorem 2.9,

{7(t,s), t € J, s € S} freely generates H. Now the subgroup ((R}}F(S) is generated by the set
{grg7', g € G, r € R}. Each g € G may be written as h,g with h, € H and g € J. Hence,

grgil = (hgg) r (hgg)_l = hggrgilhgila
and therefore (R)"®) = (trt=1, t € J, r € R)". O

Corollary 2.13. A finite index subgroup of a finitely generated (resp. finitely presented) group is
finitely generated (resp. finitely presented).

Proof. If Gy <j; G, then H <y; F(S), so the Schreier transversal J is finite. O

2.3 Free products and the Ping-pong Lemma

Definition 2.14 (Free product of groups). Given groups A, B such that ANB = {1}, a normal form
is an expression of the form gy - - g, wheren >0, g; € AU B\{1}, and consecutive elements g;, gi+1
do not lie in the same group. We call n the length of the normal form. We define a multiplication
of normal forms by induction on the length:

.(gl.--gn)-l:1.(91..-gn):g1---gn}



g1 Gmhi -+ hy if gm, h1 in different groups
(g1 gm) (h1--hy) =391 (gmh1) -+ I if gm,h1 in the same group and g,hy # 1.
(91 gm-1) (ha -~ hy) if gm, h1 in the same group and g,,hy =1
The set of normal form with this multiplication is a group Ax B, called the free product of A and B.
Remark 2.15. Let A, B be groups with AN B = {1}.
(i) The groups A, B embed naturally into A * B.

(ii) If A, B are subgroups of a group G such that any g # 1 can be represented in a unique way as a
product g = g1+ - g, with g; € AU B\{1} and consecutive g;,g;+1 not in the same group, then
G=AxB.

Theorem 2.16. If A= (Ss | Ra) and B = (Sp | Rg) with SaN Sp = &, then
A*BZ(SAUSBlRAURB>.

Proof. Let s : F'(Sa) - A and g : F'(Sg) — B be the homomorphisms corresponding to the
given presentations. Let 0 : F'(S4 U Sg) — A x B be the unique homomorphism coinciding with 4
on S, and with ¢ on Sz. We need to show that Ker = (R4 U Rg)"®4Y*®) The inclusion (D) is
clear. For (C), consider g = gy - - gn, € Ker 0, with g; € F'(Sa)UF (Sp) \{1} and consecutive g;, g; 11
not in the same group (we use here the fact that F'(Sy U Sg) = F (S4) * F'(Sp). Hence

1=0(g)=0(g1) -0 (gn)-

By definition of A = B, there must therefore exist i such that 6 (g;) = 1, and so ¢; € (Ra)" 4 U
((RB»F(SB) C (RaU RB))F(SAUSB). Now 0 (g1 gi—1gi+1 - - gn) = 1, so by induction on n, g; - - - g,, €
(RaU Rp))" a0, O

Example 2.17. The group Dy, of graph automorphisms of the infinite line Dy, has the presentation
D, = <a,b la* =1, a 'ba = b_1>.

Note that D is generated by a and ¢ = ba. We can check that (ca)" , (ca)” ¢,a (ca)" ¢,a (ca)™ all give
different elements of Do,. By Remark 2.15,

DOO:<a,c]a2:czzl>%<a|a2>*<c|02>%’Z2*Z2.

In fact, Zy * Zs is the only free product of nontrivial groups that does not contain a nonabelian free
subgroup. For instance, Fy = [Zo, Z3) < Zao * Zs.

Theorem 2.18 (Ping-pong Lemma). Let G be a group acting on a set X. Let Hy, Hy < G such that
|Hy| > 3, |H2| = 2 and let H = (Hy, Hy). Suppose that there are nonempty sets X1, Xo C X with
Xo & Xy such that

Vhl € Hl\{e}, hl (XQ) - Xl, and th € HQ\{(Z}, hg (Xl) - XQ.
Then H = H1 * HQ.

Proof. Let w be a nonempty reduced word in the alphabet (H;\{e}) II (H2\{e}). We need to show
that the element defined by w in G is not e.



If w = aibiashy - - - by_1ax with a; € H1\{e} and b; € Hy\{e}, then
w (Xy) = arbiagby - - - by_1ap (X2) C arbraghy -+ b1 (X1) € -+ Cay (X2) C X,
Since Xy € X, it follows that w # e in G.
o If w = byasby - - - apby, apply the first case to awa™!, with a € H;\{e}.
o If w = a;biasbs - - - ayby, apply the first case to awa™, with a € Hy\{e,a;'}.
o If w = bjasby - - - i, apply the first case to awa™!, with a € H;\{e, a;}. O

10 L 2\\ o
Example 2.19. SLyZ > <<2 1>> * <<0 1>> = F.

Actually, F5 has finite index in S LoZ..

Proof. Consider H; = <<; (1)>> and Hy = <((1) ?) > Make SL,Z act on R? in the usual way. Set

Xy ={(z,y) €R? |z| <|y|} CR® and X, ={(z,y) €R? |y| < 2|} C R

2 1 2n 1 0 1 0 1
Ping-pong Lemma.

Check that (1 O) - ( ! 0) X, C X, and similarly (1 2) = (1 2”) X, C X, and apply the

2.4 Amalgamated free products and HNN extensions

Definition 2.20 (Amalgamated free product). Let A < G, B < H be subgroups with ¢ : A = B.
The free product of G and H with amalgamation of A (via @) is the group

G*a H= (G*H)/<<g0(a)a_1, a € A>>

The groups G, H embed as subgroups of G x4 H, and each element of G x5 H has a normal form.
If G =(S¢ | Rg) and H = (Sy | Ryg), then

Gxp H= <SGuSH | Re U Ry U {(p(a)a_l, a € A}>
The notion of amalgamated free product corresponds to gluing G and H along A.
Example 2.21. SLyZ = 7y *y, Zg.

Definition 2.22 (HNN extension). Let A, B < G be subgroups, with ¢ : A = B. The HNN
extension of G (with respect to A, B, y) is

Grp = (G () / ((t "atp(a) ™!, a € A)).

The group G embeds as a subgroup of G*,, and each element of G*, has a normal form.
If G = (S| R), then

G*, = <S U{t}| RU {t’latgo(a)’l, a € A}>

Example 2.23. The fundamental group of a surface bundle over S* is a HNN extension.



2.5 Semidirect products and wreath products

Definition 2.24 (Semidirect product). Let G, N, H be groups. We say that G is the semidirect
product of N by H if one of the following equivalent conditions is satisfied:

(i) HN <G and NNH ={e} and G=NH.
(ii)) H < G and there is a surjective homomorphism ¢ : G — H s.t. Kerp =N > H.

(iii) There is an ezact sequence 1 — N — G = H — 1 that splits, i.e. there exists ¢ : H — G such
that mo ¢ = idy.

We then write G = N x H.
Let H, N be two groups with a morphism o : H — Aut(N). The semidirect product N x, H is
the group whose underlying set is N x H, and with multiplication defined by

(nl, h1> (ng, hg) = (n1 Loy (hl) (712) s hlhl) .

The subgroups N x 1 and 1 x H then satisfy the conditions above. Conversely, given a semidirect
product G = N x H as above, we can recover G as N X, H by setting a(h)(n) = hnh™!.

Example 2.25. (i) A direct product is also a semidirect product.
(11) Dgn = Zn X Zig.
(iii) The fundamental group of the Klein bottle is a direct product 7 1 7.

(iv) More generally, a group extension is a group G together with an exact sequence 1 — N —
G—H-—1.

Remark 2.26. An exact sequence 1 - N — G — H — 1 always splits if H is free.
However, not all exact sequence splits. For instance, 1 — 27 — 7 — 7y — 1 doesn’t.

Definition 2.27 (Wreath product). Given two groups G, H, the wreath product of G and H is

:(@G) x H,

where we think of ey G as the group of finitely-supported functions H — G, and H acts on it by

(he f) (ha) = f (h7"ha).
Example 2.28. The lamplighter group is Zo 1 Z. It is not finitely presented.

Theorem 2.29 (Kaloujnine-Krasner). If D, Q are two groups with Q finite, then D1 Q) contains an

isomorphic copy of every extension of D by Q (i.e. every group G with an exact sequence 1 — D —
G—-0Q—1)

Proof. Consider an exact sequence 1 — D — G = @ — 1, and view D = Kerm as a subgroup of
G. We choose a transversal (i.e. a set of coset representatives) for D in GG, which we view as a map
T : @ — G such that 7 o T = idg (but 7" may not be a group homomorphism). For a € G, define a

map f,: QQ — D by
fo(z) = T(z) 'aT (W(a)_1x> :
Since m o f, = 1, we have indeed Im f, C Kerm = D. Now for a,b € G and x € (), we have
fal@) (m(a) - fy) (2) = fal2)fy (w<a>-1x)
=T(z) 'aT ( )
= T(z) 'abT ( -1

T (n(a ) BT (w(b) m(a) )
) = fab



so fo (m(a) - fy) = fap. Therefore, the map

v:a€Gr— (fo,m(a)) € DQ = (@D) X Q

q€qQ

is a group homomorphism. This map is injective: if a € Ker ¢, then in particular a € Kerm = D,
and also f, = 1, from which it follows that a = 1. Hence, ¢ is an embedding G — D H. n

Remark 2.30. The proof of Theorem 2.29 would also work when Q) is infinite if one replaces the
direct sum by a direct product in the definition of the wreath product.

2.6 Bass-Serre Theory

Theorem 2.31. Let G = G x4 G. Then G acts without inversion of edges on a tree X such that
the quotient graph G\X is a segment. Moreover, this segment lifts to a segment of X such that the
stabilisers of its vertices are G1,Go and the stabiliser of the edge is A.

Sketch of proof. Define a graph X by
V(X)=(G/G) 1 (G/Gy)  and  E(X)=G/A,

with the edge gA going from ¢G; to gGo. Then G ~ X by left multiplication.

To prove that X is connected, it suffices to show that gG; is connected to G for all g (then G has
a direct edge to G2, which is connected to hGG5 for all h). Express g as g1 - - - g, with g; € G111G5, and
Ji» gi+1 not in the same group. Then either ¢g;---¢,G1 =91 gn-1G10r g1--- 9,.G2 =91 - - gn_1G2;
in both cases, g1 - - - g,G1 is connected to ¢; - - - 9,_1G1. By induction on n, gG; is connected to G
and therefore X is connected.

The fact that X is acyclic follows from the uniqueness of the normal form in amalgamated free
products; therefore X is a tree. O

Remark 2.32. Bass-Serre Theory gives a correspondance as follows:
e Given a group G, there is an action G ~ X on a tree without inversion of edges.
e Given an amalgamated free product G = Gy x4 Gy, G\X 1is a segment.
e Given a HNN extension G = Hx,, G\X is a loop.

e Given a group G, G\X is a graph such that G is the fundamental group m (G,Y") of a graph
of loops.

Corollary 2.33 (Kuvosh Subgroup Theorem). Let G = A x B. Then any subgroup of G can be
written as the free product of a free group, some conjugates of subgroups of A, and some conjugates
of subgroups of B.

3 Cayley graphs

3.1 Cayley graphs and word metrics

Definition 3.1 (Cayley graph). Let G be a group together with a finite generating set S C G. The
Cayley graph of G with respect to S is the graph Cay(G,S) given by

V (Cay(G,5)) =G,
E(Cay(G,S)) ={(g,95), g€ G, s € S}.

Remark 3.2. (i) Cay(G,YS) is a 2|S|-reqular graph.
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(ii) Cay(G,S) is connected if G = (S).
(iii) Relators in S give rise to cycles in Cay(G,S).
(iv) Paths from e to g in Cay(G,S) correspond to words in S representing g.

Definition 3.3 (Word metric). Let G be a group with a finite generating set S. The word metric
ds is defined as follows: dg(g,h) is the length of a shortest path in Cay(G,S) from g to h. We also
have a word length defined by |g| = ds(e, g).

Remark 3.4. G ~ Cay(G, S) isometrically by left multiplication.
It follows that ds(g,h) = |g~'hl.

Theorem 3.5. Cay (F(5),S) is a tree.

Remark 3.6. Let X be the covering space of a bouquet X of |S| circles corresponding to the normal
subgroup N < F(S). Then X is exactly Cay (F(S)/N,n(S)), where m is the projection F(S) —»
F(S)/N.

Remark 3.7. e Non-isomorphic groups can have the same Cayley graph, e.g. (Z¢,{2,3}) and

(6s,{(12),(123)}).

e There can be non-isomorphic Cayley graphs for a group G with (minimal) generating sets, e.g.

(63,{(12),(23)}) and (S35,{(12),(123)}).

3.2 Quasi-isometry

Definition 3.8 (Quasi-isometry). Let (X, dx) and (Y, dy) be metric spaces. A map f: X =Y isa
quasi-isometric embedding if there exists A > 1 and ¢ > 0 such that, for all x,2’ € X,

/1\dX (z,2") —c < dy (f(x), f(2") < Mdx (z,2') +c.

We say that f is a quasi-isometry (or a (X, c, D)-quasi-isometry) if in addition there exists D > 0
such that
VyeY, v e X, dy (f(z),y) <D.

We then write X ~g Y.
Intuitively, quasi-isometry preserves the large-scale structure of our space.

Proposition 3.9. Quasi-isometry is an equivalence relation on metric spaces.

Example 3.10. (i) A non-empty bounded metric space is quasi-isometric to a point.
(i) R x [0,1] ~4 R.

(iii) of Z" = (S), then Cay (Z",S) ~, R".

(iv) The 3-reqular tree Ty is quasi-isometric to the 4-reqular tree Ty (colour the edges of Ty with
three different colours and contract all edges of one specific colour).

Example 3.11. To prove that two spaces are not quasi-isometric, we often use quasi-isometry in-
variants.

(i) R s, {*} because boundedness is a quasi-isometry invariant.
(i) R 4 [0,00).
(iii) R? 2, R.

10



(iv) T3 #4 R.

Proof. (i) We shall actually prove the following (stronger) result: R does not quasi-isometrically
embed into [0,00). Suppose there is a (A, ¢)-quasi-isometric embedding ¢ : R — [0, 00). Note that

lim ¢(t) = tl}r_noogo(t) = 00.

t—o00

Hence, for any x € [0, 00), we can define

M, =max{n € Z, p(n) <z},
N, =min{n € Z, ¢(n) < x}.

So we have ¢ (M,) <z < ¢ (M, + 1) and ¢ (V,) <z < ¢ (N, — 1). Hence,

d[07oo) (90 (M:v) ) P (N:c)) [0,

< dOOO) (90 (Mx) 7‘73) + d[0,00) (L ' (Na:))
< Adg (M, M, + 1)+ ¢+ Adg (N, — 1, N,,) + ¢

=2)\ + 2c.
But we can check that dg (M., N,) —— 0o. This is a contradiction. O

Proposition 3.12. Let G be a finitely generated group and S, S" be two finite generating sets for G.
Then
Cay(G7 S) =qi Cay (G7 S/) :

Proof. Let ¢ : (G,ds) — (G, dg/) be the identity map. Let

J— ! J—
A= max la| g and N = max 1b] g -
Then dg (¢(g), p(h)) < Ads(g, h), and similarly dgs(g,h) < Nds (©(g),¢(h)). O

3.3 The fundamental theorem of geometric group theory

Definition 3.13 (Proper and geodesic metric spaces). A metric space is called proper if all closed
balls are compact. It is called geodesic if for any two points, there is a path realising the distance
between them.

Definition 3.14 (Proper action). An action G ~ X is called proper if for any compact set K C X,
the set
{9€G, gk NK # o}

is finite. This implies that X /G is Hausdorff and locally compact.

Theorem 3.15 (Svarc-Milnor). Let X be a proper geodesic metric space and let G ~ X properly by
isometries on X with compact quotient. Then G is finitely generated, and picking xo € X defines a

quasi-isometry
G— X

‘Pxo-’g'_>gx0'

In particular, G ~4 X.

Proof. Since the action is cocompact, there exists a closed ball B = B (x, D) such that GB = X.
Since X is proper, B is compact. Define

S = {se G\{e}, SEOP;&@}.

11



The set S is finite since the action is proper. For A, B C X, define d(A, B) = inf(,p)caxn dx(a,b),
and consider
2d = inf d(B,g¢gB).
9€G\(SULe}) ( 9 )

Pick some h; € G\ (SU{e}) and let R =d <§, h1§) > 0. Let

H={heG\(SU{e}),d(B,hB) <R} C{g€G, gB(x,D+R)NB(x,D+R)#2},
so H is finite since the action is proper, and nonempty because h; € H. And

2d = gGG’\i(I}S'fU{e}) dx (E, gE) = égff{d (E, gE) ,

so the infimum is achieved at some hy € H. Note that, if d (F, g?) < 2d, then g € SU {e}.

To prove that G = (S), take ¢ € G and consider a geodesic segment [xg,gzo]. Let k =
de (o, gxo)J. Take a sequence To = Yo, Y1, - - -, Yk, Ykt1 = GTo in [To, gxo] such that dx (y;, yir1) < d
for all 7. Take a sequence e = hg, hy, ..., hy, hpy1 = g in G such that y; € h; B for all i. Now we have

d (hiB, hi1B) < dx (yi,yi1) < d,

so d (E, h;lhiHE) < d and therefore h; 'h;; € S U {e}. Hence,

k

g =TI (7 his1) €(S) .

1=0

This shows that G = (5).

Now we equip G with dg (using the fact that all word metrics on G are quasi-isometric, c.f.
Proposition 3.12). It is clear that the 2D-neighbourhood of the image of ¢, : x +— gzg is X, so it
remains to show that ¢,, is a quasi-isometric embedding. The above implies that

1
l9lg <k +1< gdx (o, gxo) + 1.

Conversely, if |g|g = m, write g =t - - -t,, with ¢; € S. Then

m m

d (o, gzo) < D _d(t1 -+ tim1zo, t1 - tixo) = > d (2o, tiwg) < 2Dm = 2D g4,

1 1
i i <D

where the inequality d(zg,t;z9) < 2D comes from the fact that B (zg, D) N B (t;xg, D) # @ by
definition of S. Thus,
d-ds(e,g) — d < dx (0, gz0) < 2D - ds(e, g).

By left-invariance of dg and dx under the action of G, p,, is a quasi-isometric embedding. m

Example 3.16. (i) If M is a compact connected Riemannian manifold, then 7 M is finitely gen-
erated and quasi-isometric to the universal cover M.

(ii) If G is a connected real Lie group and I' is a cocompact lattice in G, then T is finitely generated
and quasi-isometric to G.

Definition 3.17 (Commensurable groups). Two groups G, H are said to be commensurable if there
exist subgroups of finite index Ky <z G and Ko <y; H such that K; = K.

Corollary 3.18. Let G be a finitely generated group.
(i) If H is a finite index subgroup of G, then H ~, G.
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(ii) If N <G, then G ~, G/N.
(iii) If G, H are commensurable finitely generated groups, then G ~, H.

Proof. (i) Apply Theorem 3.15 to H ~ Cay(G). (ii) Apply Theorem 3.15 to G ~ Cay(G/N). (iii)
Use (i). O

Corollary 3.19. All finitely generated free groups are commensurable, hence quasi-isometric.

Proof. Note that F,, embeds as a subgroup of finite index of F, for all n > 2. O

3.4 Rigidity properties
Example 3.20. Consider

G:Z42Z and H:(ZQXZQ)ZZ
Then G and H are quasi-isometric but not commensurable.

Proof. Not commensurable. Note that the only elements of finite order in any finite index subgroup
of H are of order 2. On the other hand, any finite index subgroup K <j; G necessarily contains
elements of order 4: indeed,

§Z4:KH§Z41 = [K@@&J(

Z

< o0,

so KNy, Z, is a finite index subgroup in @, Z,.
Quasi-isometric. Take

Sa = {(67 1) ) (flao) ) <f2>0) ) (f370)}7

where 0 is the zero function, thinking of @, Z4 as functions Z — Z4, and f; : Z — Z, is given by
fi(0) =4 and f;(n) =0 for n # 0. Similarly, let

Sp = {(67 1), (f(1,0)7 0) ; (f(0,1)7 O) ; (f(1,1)> 0)}
Then Cay (G, Sg) and Cay (H, Sy) are in fact isometric. O

Remark 3.21. We wish to find additional assumptions such that quasi-isometry implies commensu-
rability.

Definition 3.22 (Virtually). A group is virtually P it if has a finite index subgroup that is P.
Example 3.23. (i) Zy X Z is virtually Z.

(il) SLoZ is virtually free.
Theorem 3.24. Let G be a finitely generated group. If G ~y; Z, then G is virtually 7.

Proof. To construct an element of infinite order in G, we will find ¢ € G and A C G such that
gA C A; it will follow that g™ # e for all n. Let ¢ : G — R be a quasi-isometry (because Z =~ R).
Since G ~ Cay(G) by isometries, any g € G determines a quasi-isometry ¢, : R — R making the
diagram

Q

G G
SDIL ) qu%
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commute. Consider [0,00) C R. Then %, ([0, 00)) is either at a bounded distance from [¢,(0), c0) or
from (—o0,1,(0)]. In the first case for example, set

A= 1(0,00)) CG.

If ,(0) > 0, then gA C A.

Therefore, we need to find g such that ), ([0, 00)) is at a bounded distance from [/,(0), c0) and
1,(0) > 0. To find such a g, take h,k € G such that e, h, k are far apart in G (or equivalently,
o(e), o(h),p(k) are far apart in R). Consider images of [0,00) under v, 1y, ¥y — at least two of
these images will be at a bounded distance from each other, so at least two of A, hA, kA are nested;
therefore, we can take g to be one of the elements h*!, k=%, (h=1k)™", (k=*h)™".

Now let H = (g) =2 Z. We want [G : H] < co. We have lim,, 1 d (e, g") = oo and d (¢", g") =
d(e,g" ™). Using the quasi-isometry ¢ : G — R, we define f : Z — R by

The map f has the following properties:
() 3M >0, Vo € Z, |f(n) — f (n — D] < M.
(ii)) Vr 20, 3k e N, Vm,n € Z, |f(m) — f(n)| <r = |m —n| < k.

We can check that the image of a map satisfying the above has the properties that there exists C' > 0
such that for all z € R, there exists n € Z, such that |z — f(n)| < C, and hence there exists C" > 0
such that for all ¢ € G, there exists n € Z, such that d(¢',¢") < C’. This shows that [G : H] is
finite. O

Example 3.25. Examples of rigidity properties:

(i) If both groups are virtually abelian, quasi-isometry implies commensurability.

This is also true, though much deeper, if only one of the groups is assumed to be virtually
abelian.

(i) If both groups are virtually free, quasi-isometry implies commensurability (in this case, the two
groups are in fact always commensurable).

This is also true, though much deeper, if only one of the groups is assumed to be virtually free.

4 Geometric properties of groups

4.1 Growth

Notation 4.1. Given f,g: X — R (with X CR), we write f < g if there exist a,b > 0 and xy € X
such that, for all x > x,

F(x) < ag (b)
If f<gandg<f, wewrite f <g.

Definition 4.2 (Growth function). Let X be a discrete metric space with a basepoint xo € X. The
growth function of X at ¢ @s the function Bx ., : Ry — Ry given by

Bx0(r) = [Bx (w0, 7)

)

where By (xq,7) is the closed ball of radius r centred at xq in X.

Lemma 4.3. Let G be a group with a finite generating set S.
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(i) If g, h € G, then Bcay(c,s),g = Beay(a,s),n; this will be denoted by Bas.

(ii) The equivalence class under < of Ba.s is a quasi-isometry invariant. We write g for the
equivalence class of Ba.s.

Proposition 4.4. Let G be a group with a finite generating set S.
(i) If G is infinite, then ﬁqS'N is strictly increasing.
(i) Bas (r+1t) < Bas(r)Bas(t).
(iff) Ba,s(r) < (2S])".
Lemma 4.5 (Fekete). If (a,),, s a subadditive sequence of real numbers, then lim,, ., 5 exists.

Corollary 4.6. If G is a group with a finite generating set S, then lim, o, Ba.s(n)'/™ exists and is
at least 1.

Definition 4.7 (Exponential and polynomial growth). Let G be a finitely generated group.

(i) G is said to have exponential growth 4f lim,,_. Bg(n)"/" > 1. Otherwise, G has subexponential
growth.

(ii) G is said to have polynomial growth if there exists d such that Bq(r) < re.
Example 4.8. (i) By (r) < ¥, so Z* has polynomial growth.

(ii) Br,(r) =< (2k)", so Fy has exponential growth.
Proposition 4.9. Let G be a finitely generated group.

(i) If H is a finitely generated subgroup of G, then Sy < Bq-.

(ii) If H is a finite index subgroup of G, then By =< Pg.

(ili) If N Q G, then Ba/n < Ba-

(iv)
Proof. (ii) and (iv) are easy consequences of Lemma 4.3 and the Svarc-Milnor Lemma (Theorem
315()1) Take H = (T) with T finite, and let S 2 T such that G = (S). Then Cay(H, T) is a subgraph
of Cay(G,S), so ds(e, h) < dr(e, h) for all h € H, and therefore Beaya.sy(€,7) 2 Beaym,r (€, 7).

(iii) Take G = (S >With S finite, and let T'= {sN, s € S\N}. Then G/N = (T)and 7 : G - G/N
maps BCay ¢,s)(e,7) onto BCay a/Nry(e,r). O

If N QG with N finite, then Sq/n < Ba.

4.2 Groups of polynomial growth

Remark 4.10. Since Z¥ has polynomial growth, finitely generated virtually abelian groups have
polynomial growth.

Proposition 4.11. Let G be a 2-step finitely generated nilpotent group, i.e.
G >[G,G] =2 [G,[G,G]] = {e}.

Then G has polynomial growth.
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Proof. Suppose G = (g1, ..., gm). Since G is 2-step nilpotent, [G, G| is central in G. Note that, given
g,h € G, we have
gh = hgg~'h~"gh = hglg. h].

Therefore, given a product of n generators, we can exchange two of the generators and produce a
commutator on the right. Since commutators lie in the centre, we can move them to the right at no
cost, thus arranging the generators in order. After at most n? such moves, we get

gt g

where C' is a product of at most n? commutators. But note that, in this case, [G,G] is finitely
generated by commutators {giﬂ, gfl}; since [G, @] is also abelian, it has polynomial growth, say of

degree d (by Remark 4.10). This implies that G has polynomial growth of degree at most m+2d. [
Theorem 4.12. All finitely generated virtually nilpotent groups have polynomial growth.
Proof. Induction on nilpotency step. O

Definition 4.13 (Solvable group). A group G is solvable if the derived series (G(”)) 0 terminates

in a finite number of steps, where GO = G and Gt = {G’("), G(”)} for all m > 0.
Note that abelian implies nilpotent, which implies solvable.

Remark 4.14. There do exist solvable groups of exponential growth, for instance the lamplighter
group Zso L Z.

Theorem 4.15 (Gromov, 1981). A finitely generated group has polynomial growth if and only if it
is virtually nilpotent.

Proof. Uses asymptotic cones, as well as the Tits alternative. See for example Wilkie-Van der Dries,
or Kleiner, or Ozawa. There is also a recent proof by Tao using approximate groups. For more on
asymptotic cones, see Drutu-Kapovich. O]

Corollary 4.16. Being virtually nilpotent is a quasi-isometry invariant.

Theorem 4.17 (Grigorchuk, 1983). There exists a finitely generated group G, together with constants
0 <o <ag <1, such that
2" L Ba(r) < 277

Proof. See de la Harpe. O

4.3 Ends

Definition 4.18 (Proper map). A map f: X — Y between topological spaces is said to be proper if
fHC) C X is compact whenever C CY is compact.

Definition 4.19 (Rays). A ray in a topological space X is a continuous proper map r : [0,00) — X.

Two rays 11,79 : [0,00) — X are said to converge to the same end if for every compact C C X,
there ezists N € N large enough so that r1 ([N,00)) and ry ([IN,00)) are contained in the same
path-component of X\C.

This defines an equivalence relation on rays; the set of equivalence classes is called the set of ends
of X, denoted by Ends(X). Given a ray r, we write end(r) for the class of r in Ends(X).

If |Ends(X)| = m, we say that X has m ends.

If (rn) sy and v are rays in X, we say that end () — end(r) if for all C C X compact, there

exists a sequence (Ny),-, of natural numbers such that for all n sufficiently large, 1, ([N,, o)) and
7 ([Ny, 00)) lie in the same path-component of X\C'. This defines a topology on Ends(X).
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Definition 4.20 (k-path). A k-path from z to y in a metric space X is a sequence of points x =
Lo, X1y ..., Tp =Y such that d(x;_1, ;) < k for alli € {1,...,n}.

Lemma 4.21. Let X be a proper geodesic metric space. We denote by G,,(X) the set of geodesic
rays in X starting at xg € X.

(i) Given two rays 1,19 in X, and k > 0, we have end (r1) = end (r2) if and only if for all R > 0,
there exists T > 0 such that for all t > T, ri(t) can be connected to r4(t) by a k-path in
X\B (1‘0, R) .

(ii)) The natural map G,,(X) — Ends(X) is surjective.

Sketch of proof. (i) Every compact subset of X is contained in an open ball about z and vice-versa.
Moreover, given a k-path, we can concatenate geodesics from x; 1 to z; to get a continuous path
from x to y.

(ii) Let r : [0,00) — X be a ray. Let ¢, : [0,d,] — X be a geodesic from zy to r(n). We
can extend ¢, to [0,00) by setting ¢,(t) = r(t) for t > d,. By Arzela-Ascoli, there is a convergent
subsequence of (¢, ),-,, with limit ¢ : [0,00) — X, a geodesic ray with end(c) = end(r). O

Lemma 4.22. Let X be a metric space. Given f,qg: X — X, we say that f ~ g if

sup dx (f(x),g(z)) < oo.

The set of equivalence classes of quasi-isometries X — X forms a group denoted by QI(X), and any
quasi-isometry ¢ : X — Y induces an isomorphism

- 1 QIX) = QUY).

Proposition 4.23. Let f : X — Y be a quasi-isometry between proper geodesic metric spaces. Then
f induces a homeomorphism
f:Ends(X) — Ends(Y).

Moreover, the map QI(X) — Homeo (Ends(X)) given by f — f is a group homomorphism.

Proof. Given a geodesic ray r in X from zg, let f.r be the ray in Y obtained by concatenating some
choice of geodesic segments [f (r(n)), f (r(n+ 1))] for n € N. Since f is a quasi-isometry, f.r is a
ray and end (f.r) is independent of the choices of geodesic segments.

This allows one to define f : Ends(X) — Ends(Y') by end(r) — end (f,r). The image of a k-path
under f is a (Ak + ¢)-path, so f is well-defined, and continuous by Lemma 4.21.(i). Moreover, Lemma
4.21.(ii) ensures that f is defined on all of Ends(X). O

Definition 4.24 (Ends of a group). Given a finitely generated group G, we define
Ends(G) = Ends (Cay(G)) .
Theorem 4.25. Let G be a finitely generated group.
(i) G has zero, one, two, or infinitely many ends.
(ii) G has zero end ift G is finite.
(iii) G has two ends iff G is virtually Z.
)

(iv) G has infinitely many ends iff G can be expressed as Axc B or Axc, with C finite, [A: C] > 3
and [B : C] = 3.
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Proof. (i) Fix a finite generating set S for G. The action G ~ Cay(G,S) is by isometries and
therefore gives a homomorphism

G — Isom (Cay(G, S)) C QI (Cay(G, S)) — Homeo (Ends (Cay (G, S)))

by Proposition 4.23. Let H < G be the kernel of the above composite.

Assume for contradiction that Ends(G) is finite but contains three distinct ends 1o, n1,72. Fix
geodesic rays r1,rs : [0,00) = Cay(G, S) with r1(0) = r2(0) = e in G and end (r;) = 7;. Now the fact
that |Ends(G)| < oo implies that [G : H]| < oo, so there exists ;1 > 0 such that for all g € G, there
exists h € H with d(g,h) < p. Therefore, there is a ray ry : [0,00) — Cay(G, S) with end (ro) = no,
ro(n) € H and d(rg(n),e) = n for all n. Set h,, = ro(n) € H for all n € N.

There exists N € N s.t. 79 ([N,00)), 71 ([IV,00)), 72 ([IV,00)) lie in different path-components of
Cay(G,S)\B (e,N). If t,t’ > 2N, then

d(ri(t),r2 () > 2N (+)

since any path joining r1(t) and 7o (#') must pass through B(e, N). Moreover, H acts trivially on
Ends'G) by definition, so end (h,r;) = end (r;) for all i. Let n > 3N. Then h,r;(0) = h, lies
in a path-component of Cay(G,S)\B(e, N) different from that of r; ([N, 00)) for i = 1,2, so h,r;
must pass through B(e, N). Therefore, there exist ¢, > 2N such that h,ri(t) € B(e, N) and
hnra (t') € B(e, N). Since H acts by isometries, d (ri(t),rs (t')) < 2N, contradicting (). O

Remark 4.26. (i) Being virtually free is a geometric property (equivalent to being quasi-isometric
to a tree), c.f. Antolin.

(ii) Being finitely presentable is a geometric property, c.f. Bridson-Haefliger.

5 Amenability

5.1 Paradoxical decompositions

Definition 5.1 (Equidecompositions). Let G be a group acting on a set X. Let A, B C X. We say
that A, B are (finitely) G-equidecomposable, and we write A ~ B, if there are partitions

A:AlﬂAQHHAn and B:BlﬂBQHHBn,

and there are ¢, ..., g, € G, such that g;A; = B; for all i.

If A~ C for some C C B, we write A < B.

A realisation h of A ~ B is a bijection h : A — B such that there is a decomposition as above
with h(a;) = g;a; for all i and for all a; € A;. Note that, if h : A — B is a realisation of A ~ B,
then S ~ h(S) for all S C A.

For fized G ~ X, ~ is an equivalence relation on P(X).

Theorem 5.2. Let G ~ X and A,BC X. If A< B and A 2 B, then A ~ B.

Proof. Since A < B and A 2 B, there are realisations f : A — By and g : Ay — B, with 4; C A
and B; C B. Define inductively Cy = A\A; and C,, .y = g~ f (C,) for n > 0, and set

c=JC.

n=0

Then

9(\0) =3 () 1C0) € A BY(G) € [ B (Co) = () BAT (C) = BATCC).

n=0

Similarly, B\ f(C) C g(A\C). It follows that A\C' ~ B\ f(C) via g. Since we also have C' ~ f(C)
via f, we get A ~ B. m
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Definition 5.3 (Paradoxical set). Let G ~ X. Then the following assertions are equivalent:
(i) There exist proper disjoint subsets A, B C X such that A ~ X ~ B.
(ii) There exists a partition X = A1l B such that A ~ X ~ B.

In this case, we say that X is (finitely) G-paradoxical.

Proof. (ii) = (i) Obvious.
(i) = (ii) Since X ~ B C X\ A, we have X < X\A. Moreover, the inclusion X\ A C X implies
that X\ A < X. It follows by Theorem 5.2 that A ~ X ~ X\ A. ]

Proposition 5.4. (i) Fy is Fy-paradozical (for the action of Fy on itself by left multiplication).
(i) If Fs ~ X freely, then X is Fy-paradozical.

Proof. (i) Let {a,b} be a freely generating susbet of Fy. Given y € Fy, denote by W(y) the set of
reduced words starting in y. Then

Fy={e} TW(a) TIW (™) HWGH) TW (b
= W(a) Il aWW (a_1>
= W) W (b7) .
Hence, if A=W(a)[IW (a™!) and B =W(b)IIW (b'), then A ~ X ~ B and A, B are disjoint, so
F5 is Fy-paradoxical.
(ii) Let M be a set of representatives of Fy-orbits of X (note that we are using the Axiom of

Choice). For y € Fy, set
Xy ={2m, z€ W(y), me M}.

Then X,, X,-1, Xp, Xj-1 are disjoint (because the action is free), and
X=X,TaX,-1 =X, HbX}-1,
giving the desired decomposition. O]

Proposition 5.5. The matrices

Lo Lo
O':O% 2\3/5 andT:%\@ % 0
0 22 1 0 0 1

generate a free subgroup of rank 2 inside SO (3, R).

Theorem 5.6 (Hausdorff Paradox). There is a countable set D C S* such that S*\D is SO (3,R)-
paradoxical.

Proof. Given ¢ € SO (3,R)\{id}, let F(¢) = {x € S?, p(z) = z}. Note that |F (p)| = 2 if ¢ # id,

and set
D= U Fl)
PER\{1}
where F, < SO (3,R) as in Proposition 5.5. Then F, acts freely on S*\D, so we are done by
Proposition 5.4. O

Proposition 5.7. If D C S? is countable, then S* and S*\D are SO (3, R)-equidecomposable.
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Proof. Let £ be a line through 0 that does not intersect D. There exists § € R such that for all n > 1,
the image p" (D) of D under the rotation p" by nf about ¢ does not intersect D. Set D = U2, p™(D).
Then

§?=DII (S\D) ~ p (D) 11 p (S\D) ~ p (D) U p (S\D) ~ p (D) I (S\D) =S\D. O
Theorem 5.8 (Banach-Tarski). S? is SO (3, R)-paradozical.

Proof. This is a corollary of Theorem 5.6 and Proposition 5.7. O]

Remark 5.9. (i) We can prove similarly that if E(3) is the group of isometries of R3, then any
solid ball in R? is E(3)-paradozical and so is R? itself.

(ii) By the Banach-Tarski paradozx, we cannot put a finitely-additive probability measure that is
invariant under rotation on subsets of S?.

Theorem 5.10 (Tarski). Let G ~ X and E C X. Then E is not G-paradozical if and only if there
is a G-invariant finitely-additive measure p: P(X) — [0, 00| with p(E) = 1.

5.2 Non-paradoxical groups and amenability

Definition 5.11 (Amenable group). Let G be a discrete (or locally compact) group. A measure on
G is a finitely-additive measure p on P(G) (or on the Borel o-algebra of G) with u(G) = 1 and which
is G-invariant, i.e.

p(gA) = p(A)
forall g € G and A C G. If G has such a measure, we say that G is amenable.

Example 5.12. All finite groups are amenable.

Remark 5.13. If the action G ~ G by left multiplication is paradoxical, then G is not amenable.
In particular, Fs is not amenable, nor is any group containing Fj.

Conjecture 5.14 (Von-Neumann). All non-amenable groups contain Fy as a subgroup.

Remark 5.15. The Von-Neumann Conjecture was disproved by Olshankii, using the example of the
Tarski monster.

Definition 5.16 (Left-invariant mean). Let G be a finitely generated group. A left-invariant mean
on G is a linear functional M : {*°(G) — R such that

(i) If Mg) = 0 for all g € G, then M()\) > 0,
(i) M (1) =1,
(iii) M (g-A) =M (X) for all X\ € {2°(G) and g € G, where (g - \) (h) = A (gh).
Proposition 5.17. G is amenable if and only if G admits a left-invariant mean.

Proof. (=) If p is a measure on G, define

M) = [ fdp
e
(<) If M is a left-invariant mean on G, define p(A) = M (1 4). O

Proposition 5.18. Let G be an amenable group acting on a set X. Then there is a finitely-additive
probability measure on P(X) that is G-invariant.
In particular, X is not G-paradozical.
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Proof. Let p be a measure on G realising amenability. Fix xy € X and define v : P(X) — [0, 1] by
v(A)=pn({g € G, g(x) € A}). 0
Theorem 5.19. Let G be a finitely generated group. Then the following assertions are equivalent.
(i) G is amenable.
(ii) G admits a left-invariant mean.
(iii) G is not paradozical.
Proposition 5.20. Let G be a discrete (or locally compact) group.
(i) If G is amenable, then every subgroup of G is amenable.
(ii) If G is amenable, then every quotient of G is amenable.
(iii) If N < G is such that N and G/N are amenable, then G is amenable.
)

(iv) If G = @jg G, where (Gj)jej is a directed system of amenable groups, then G is amenable.

Proof. (i) Let u : P(G) — [0,1] be a G-invariant finitely-additive probability measure on P(G).
Given a subgroup H < G, let M be a right transversal of H in G. Define v : P(H) — [0,1] by
v(A) = u(AM).

(ii) Define A : P(G/N) — [0,1] by AM(A) = p (77 (A)) where 7 : G — G/N is the projection.

(iii) Let vy : P(N) — [0,1] and vy : P(G/N) — [0, 1] be invariant finitely-additive probability
measures. For A C G, define

fA:geG»—>V1<Nﬂg_1A) e R.
Note that fa(gn) = fa(g) for all n € N. Therefore, fa induces f4 : G/N — R. Now define
p: P(G) — [0, 1] by

A) = dus;
/’l’< ) G/NfA Va;

this is a finitely-additive probability measure. To check left-invariance, note that, for h € G,

pd)= [ fale) dvalo) = [ 1 (h7'0) dia() = [ (07 1) din

Now the action of G on functions G/N — R is via G/N, i.e. (hn)™'- fa = h™"- f4 for h € G and
n € N. It follows that

p(na) = [

G/N

(h—l ) fA) dvy = /G/N fa dve = p(A). O

5.3 (Geometric interpretation of amenability

Definition 5.21 (Fglner condition). A finitely generated group G satisfies the (left) Folner condition
if for any finite subset A C G and for any € > 0, there is a finite nonempty subset F C G such that

laFAF|
<e¢
||

for all a € A.

Theorem 5.22. A finitely generated group G is amenable if and only if it satisfies the Folner con-
dition.
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Proof. (=) See Drutu-Kapovich or Juschenko.
(<) For A C G finite and € > 0, define

My . = {p finitely-additive probability measure on G, VB C G, Ya € A, |u(B) — pu(aB)| < e}

Note that M, . is a closed subset of [0, 1]P(G) for the product topology. Moreover, if F' is a Fglner

set given by A, e, and u(B) = ‘E‘;;‘F‘, then we have
|IBNF| |aBNF| |IBNF| |BNna'F|
|u(B) — paB)| = - = —~
|| || || ||
|[FAa™'F|  |aFAF)|
< = <

|F| Fl

so i € My.. Therefore, (Ma.), . is a collection of nonempty closed subsets of [0, 1]7“) | such that
the intersection of any finite subcollection is nonempty:

k

m MAhEi 2 MA1U~-~UAk,min{81 ..... Ek} 2 g.
=1

It follows by compactness of [0, 1]P(G) that Na. Ma. # &; now any element p € Ny Ma,. is a
finitely-additive G-invariant probability measure on G. O

Definition 5.23 (Cheeger constant). Given a graph X, the Cheeger constant of X is defined by

|0A]

h(X) = —

(X) ACV(X) finite |Al’
1<|AI<5 V(X))

where 0A = {x € V(X)\A, Ja € A, za € E(X)}.

Remark 5.24. A finitely generated group G satisfies the left Folner condition if and only if satisfies
the right Folner condition: for any finite subset A C G and for any e > 0, there is a finite nonempty

subset ' C G such that ‘FﬁF' < e foralla € A.

Proof. Given A C G and ¢ > 0, let F be the Fglner set corresponding to A™' = {a™!, a € A}. Then
F~1 satisfies

O

|FYaAF~Y|  Ja'FAF)
= < e
71 7]

Proposition 5.25. Given a finitely generated group G, the following assertions are equivalent:
(i) G satisfies the Fplner condition.
(ii) For any generating set S, h (Cay(G,S)) = 0.

(iii) There is a generating set S such that h (Cay(G,S)) = 0.

Proof. (ii) = (iii) Obvious.
(i) = (ii) Let S be a finite generating set for G. Let € > 0. Then there is a right Folner set F
corresponding to SE! and ¢, i.e. E22E < ¢ for all s € SEL. Then

[E
OF| _ {gs, g€ G, s € S*', gs ¢ F}|
h (Cay(G, S)) < =
<1l U Fsap| < ¥ FSBF] 5 91,
‘F’ scS*1 scS*1 |F|
Therefore, h (Cay(G, S)) = 0. O
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Proposition 5.26. Having Cheeger constant equal to zero is a quasi-isometry invariant.
Corollary 5.27. Amenability is a quasi-isometry invariant.
Corollary 5.28. All finitely generated groups of subexponential growth are amenable.

Proof. Let GG be a group of subexponential growth with a finite generating set S. If there existed

€ > 0 such that UTJ(;(Z)II)‘ > 1+e¢ for all k > 0, then we would have |B(k+1)| > (1+¢)*|B(1)],
contradicting the fact that G has subexponential growth. Therefore, for all € > 0, there exists k > 0

|B(k+1)|
such that EIG] < 1+ ¢, so that

0B ()] _ 1Bl + |~ |BH)| _
OGS TR T Bwm . S

Hence h (Cay(G, S)) = 0. O
Corollary 5.29. All solvable groups are amenable.

Proof. Corollary 5.28 implies that all abelian groups are amenable (because they have polynomial
growth). Now Proposition 5.20 allows one to use an induction argument to show that all solvable
groups are amenable. O

Remark 5.30. Consider the closure of the class of finite groups and abelian groups under the op-
erations of Proposition 5.20; this is called the class of elementary amenable groups. It is strictly
contained within the class of all amenable groups (for example, Grigorchuk’s group is non-elementary
amenable).

It is an open question to know whether or not elementary amenability is a quasi-isometry invari-
ant.

Definition 5.31 (Ponzi scheme). A Ponzi scheme on a metric graph X is a map p : X — X such
that:

(i) 3R> 0, Ve € X, d(z,pr) <R,
(i) Vo € X, |pt ({2})] > 2

Proposition 5.32. A group G has a Ponzi scheme if and only if it is non-amenable.
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