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1 Inverse limits

1.1 Categories and limits
Definition 1.1 (Category). A category C consists of:
(i) A collection ob C of objects A, B,C, ...,

(ii)) A collection mor C of morphisms f,g,h,...,

(iii) Two operations dom and cod from mor C to obC: we write A Iy B to mean f € morC,

dom f = A and cod f = B,
(iv) An operation A — ids from ob C to mor C s.t. A Moy 4,

(v) A partial binary operation (f,g) — fg on mor C defined iff dom f = codg and satisfying
dom(fg) = domg and cod(fg) = cod f,

satisfying:

(vi) idp f = f = fidy for all AL B,

(vil) f(gh) = (fg)h for all A2 B % C L D.
Example 1.2. (i) Set is the category of sets and functions.

(ii) Gp is the category of groups and group homomorphisms.

(iii) TopGp is the category of topological groups and continuous group homomorphisms.

Definition 1.3 (Poset). A poset (or partially-ordered set) is a set J together with a binary relation
< on J such that

(i) VieJ i<,
(iii) Vi,j,ke J, (igjand j k) =ik

A poset can also be seen as a category whose object set is J and where there is a unique arrow i — j
if and only if i < j.

Definition 1.4 (Product). In a category C, given two objects A and B, a product of A and B
consists of an object P together with maps A &~ P 225 B satisfying the following universal property:
for any object Z with arrows A <— Z — B, there exists a unique arrow Z — P making the following
diagram commute:




Dually, a coproduct of A and B consists of an object C' together with maps A U, 0dE B satisfying
the following universal property: for any object Z with arrows A — Z < B, there exists a unique
arrow C' — Z making the following diagram commute:

Z
/3\
Ao g

Proposition 1.5. Products and coproducts, if they exist, are unique up to unique isomorphism.

Proof. Let A &~ P 2 B and A & Q — B be two products of A and B. By the universal
property of products, there are arrows () S pand P4 () making the following diagram commute:

Now fog: P — P makes the following diagram commute:

P

A

It follows by uniqueness that f o g = idp, and similarly g o f = idg. Therefore, P = () and f, g are
the only isomorphisms between P and () that make the above diagram commute.
For coproducts, the proof is the same. O

Definition 1.6 (Diagram in a category). If J and C are categories, a diagram of shape J in C is
a functor F : J — C, i.e. an assignment of an object F(X) € obC for each X € obJ and an

assignment of an arrow F(X) o), F(Y) for each X =Y in J, such that F (idy) = idpx) and
F(ao ) = F(«a)o F(B) whenever the composite is defined.

Definition 1.7 (Cones and limits). Let F' : J — C be a diagram of shape J. A cone over F is an
object Z together with arrows p; : Z — F(j) for all j € obJ, such that the diagram

p/ZQj

F) o )

commutes for all i % j in J.

Dually, a cocone has the same definition, with all arrows reversed.

A limit of F' is a cone L such that, for any other cone Z over F, there is a unique arrow Z — L
such that the diagram



commutes for all j € obJ.
Dually, a colimit has the same definition, with all arrows reversed.

Example 1.8. e Products are limits of shape

and coproducts are colimits of the same shape.

o Pullbacks are limits of the following shape:

o — O

o —

Proposition 1.9. Limits and colimits, if they exist, are unique up to unique isomorphism.

Proof. Same proof as for products (Proposition 1.5). n

1.2 Inverse limits and profinite groups
Definition 1.10 (Inverse system). A poset (J, %) is called an inverse system if
Vi,jeJ ke k<iand k< j

Definition 1.11 (Inverse limit of groups). An inverse system of groups (resp. sets) is a functor
F:J— Gp (resp. F:J — Set), where J is the poset category of an inverse system. Given such
an inverse system F', the limit of F (if it exists) is called the inverse limit of the objects (F(j))jEObJ'

In other words, an inverse system of groups (resp. sets) indexed by an inverse system (J,<)

consists of groups (resp. sets) (Gj)jej and transformation maps G; i, G, for all i X j such that
¢i = idg, and ¢j, 0 ¢ij = Qi for all i <X j < k. The inverse limit of the system (Gj)je] is a group
(resp. a set) l'&nja G together with projection maps p; T&ljej G; — G such that the diagram

b, _, G ‘
p/ \p]

Gi
¢U

G

commutes for all © < 7, and that is universal among such cones.

Proposition 1.12. Let (Gj)jeJ be an inverse system of groups or sets. Then @njg G; exists, and
is given by

1€d jeJ

lim G; = {(gj)jeJ e [1 Gy, Vi< 4, &5 (9:) :gj}~

Proof. Let L be the above set; if the (Gj)jEJ are groups, then L is a subgroup of [[ ;¢ ; G; because the

maps (Gi ¢—]> Gj> are homomorphisms. Define p; : L — G to be the restriction of the projection

i<

[ljes G; — Gj; then ¢;; 0 p; = p; holds for all 7 < j by choice of L. Now let (Z N Gj) - be a cone
J

over (Gj);c ;- There is a unique map f : Z — [l e; G; such that p; o f = ¢;, and we have f(Z) C L

because of the relations ¢;; o ¢; = g;. O



Remark 1.13. The proof of Proposition 1.12 actually shows that Gp and Set have all limits.

Definition 1.14 (Profinite group). A profinite group is an inverse limit (in the category of all
groups) of an inverse system of finite groups.

Example 1.15. The group Z, of p-adic integers is profinite:
Ly, =UmZ/p"Z.

Definition 1.16 (Profinite completion). Let G be a group. Denote by N the poset (viewed as a
category) of finite index normal subgroups of G, ordered by inclusion. Then the assignement

(N, € Ny) —> (G/Ny — G/Ny)

is a diagram N — Gp.

The limit of this diagram is a group G called the profinite completion of G. It is equipped with
homomorphisms G = G/N for all N € N, called projection maps. Moreover, the projections
G — G/N induce a unique map G — G, called the canonical map, as in the following commutative

diagram:
\T&

G/N, ——= G/N,

G

The profinite completion of a group is a profinite group.

1.3 Topology on a profinite group or set

Definition 1.17 (Topology on a profinite group or set). Let (G;),.; be an inverse system of finite
groups or sets. For j € J, endow G with the discrete topology. Then Il;c; G; is endowed with the
product topology and l'&ljeJ G Clljes Gj is endowed with the subspace topology.

By Tychonoff’s Theorem, [];c; G; is Hausdorff compact, so I'&HJEJ G; is Hausdorff compact be-

cause it is closed in [];c; G; (according to the description given by Proposition 1.12).

Proposition 1.18. If <Xj>jeJ is an inverse system of nonempty finite sets, then
m X; # 2.
J€J

Proof. Given a finite subset I C J, consider the set

Y= {(:cj)jej eI X, Vijel,i<j= di(g)= gj} :
jed
Then Y7 is closed in [];c; X, and
(1 Yr=lim X;.

ICJ 1€J
finite

We claim that Y; # @. Indeed, by definition of an inverse system, there exists k € J such that k < ¢
for all ¢ € I. Since X} # @ by assumption, we may choose z; € Xj. Define (:L‘j)jej € [ljes X; by
xj = ¢k (zx) if j € I, or x; is any element of X if j & I. Hence, (z;),.; € Y1, so Y} # @. It follows
that if Iy, ..., I, are finite subsets of .J, then

n
N Yy = Yiuon # @.
/=1

Hence (Y1) rc is a collection of closed subsets of the compact space [];c; X; such that any intersection

finit
of a finite number of those subsets is nonempty. It follows that I.&Hje 5 X;=Nics Y # 2. O]
finite

>



Proposition 1.19. If (X;),., is a countable family of metrisable spaces, then [1;c; X; is metrisable.

Proposition 1.20. If I" is a finitely generated group, then it has only countably many finite index
subgroups.

Proof. For n > 1, let A, be the set of homomorphisms I' — &,,; the set A, is finite because I' is
finitely generated. Let A = [[,cn An. If H is the set of finite index subgroups of I', there is a map
A — H given by

<r 2, Gn) € Ars Stabs(1) = {g € T, ¢(g)(1) = 1} € H.

Now this map is surjective: if H is a subgroup of I' of index n, then H is the stabiliser of [1] under
the (left) action of I on I'/H. Therefore, we have a surjection A — H, so H is countable because A
is. 0

Corollary 1.21. If I' is a finitely generated group, then its profinite completion [ is metrisable.

Proposition 1.22. Let G be a profinite group. Then the multiplication map G x G — G and the
inversion G — G are continuous.
In other words, G is a topological group.

Definition 1.23 (Topological isomorphism). If G and H are two topological groups, a topological
isomorphism G — H is a group isomorphism which is also a homeomorphism.

Remark 1.24. From now on, except otherwise specified, all morphisms between profinite groups will
be assumed to be continuous.

Lemma 1.25. A continuous isomorphism of profinite groups is a homeomorphism and hence a
topological isomorphism.

Proof. Profinite groups are Hausdorff compact, and it is a general fact that any continuous bijection
f: X — Y with X Hausdorff compact is a homeomorphism. O]

Lemma 1.26. Let H be a topological group and let G = @je} G be an inverse limit of finite groups,
with projections p; : G — Gj. Given a group homomorphism f : H — G, the following assertions
are equivalent:

(i) f: H— G is continuous.
(ii) pjo f: H — G, is continuous for all j € J.
(iii) Ker (p;j o f) is open in H for all j € J.

Proof. (i) < (ii) By definition of the product topology.
(i) = (iii) If f; = pj o f is continuous, then Ker f; = f;' ({1}) is open in H because {1} is open
(ili) = (ii) If Ker f; is open, then for all g; € Gj, either f; ' ({g;}) = @ (which is open), or there
exists h € f;' ({g;}), in which case f; " ({g;}) = h - Ker f; is open. Therefore f; ' (U;) is open in H
for all U; C Gy, so that f; is continuous. O]

Proposition 1.27. Let G be a compact topological group. Then a subgroup H < G is open iff it is
closed and of finite index.

Proposition 1.28. Let G = @j@ G be an inverse limit of finite groups, with projections p; : G —
Gj. Then the open subgroups H; = Kerp; form a basis of open neighbourhoods at the identity.



Proof. Let V 35 1 be open. By definition of the product topology, V' contains an open set of the form
Lep,' (X;)Nn---np;(X;,) CV,

where ji,...,jm € J and X;, C Gj,. It follows that 1 = p;,(1) € X, for all ¢, so we may assume
without loss of generality that X, = {1}, so that:

1€ Kerp; N---NKerp;, CV.
Now there exists k£ € J such that k < ji,..., jm. Since p;, = ¢j,x © pr, we have
1 € Kerp, € Kerpj N---NKerp;, CV. [
Corollary 1.29. Let G = @je} G; be an inverse limit of finite groups, with projections p; : G — G.
(i) {p;l (g5), 7€ J, gj € Gj} is a basis of open subsets of G.

(ii) A subset S C G is dense iff p;(S) = p;(G) for all j € J.

Proof. (i) If U is an open subset of G and g € U, then g~'U is an open neighbourhood of 1, so
Proposition 1.28 implies the existence of j € J such that Kerp; C ¢g7'U. It follows that

g€p;t(pilg) =gKerp; CU.

(ii)(«=) Assume that p;(S) = p;(G) for all j € J. If U C G is open and nonempty, then by (i),
we may assume without loss of generality that U = pj_1 (g;) for some j € J and g; € G;. Hence
9; € pi(G) = p;(5), 80 SNU # @.

(i) (=) Assume that there exists g; € p;(G)\p;(S) for some j € J. If U = p; " (g;), then U is
open and nonempty, but U NS = &, so S is not dense. O

Example 1.30. If " is a group, T s its profinite completion and v : ' — [ is the canonical map,
then «(T") is dense in I".

Proof. For all normal subgroup of finite index N <y, G, we have py (¢(I')) = I'/N = py (f), SO
Corollary 1.29.(ii) implies the result. ]

1.4 Change of inverse system

Definition 1.31 (Surjective inverse system). An inverse system (G;)
be surjective if the transition maps ¢;; : G; — G are all surjective.

jeJ of groups or sets is said to

Proposition 1.32. Let (Xj)jEJ be a surjective inverse system of nonempty finite sets. Then all the
projection maps p; : @je} X; — X are surjective.

Proposition 1.33. Let (Xj)jeJ be an inverse system of finite sets. Then there exists a surjective
inverse system of finite sets with the same inverse limit.

Proof. Recall that
@X]’ = {(mj)jEJ € HXj, VZ % j, (bij (.Z'Z> = I’j} .
7€ jeJ
Define Y; = Imp; C X, for all j € J. Then (Yj)jeJ, o
i<j

forms an inverse system, which is surjective. Finally, l&njE 5 Y; = @je S X;. O]

together with the transition maps (sz‘j |Yv)

Definition 1.34 (Cofinal subsystem). If J is an inverse system, then a subset I C J is called cofinal

if
Vield Jiel i<j

This implies that I is also an inverse system.



Example 1.35. In the inverse system {nZ}, ., of finite index subgroups of Z ordered by inclusion,
one cofinal system is {(m!)Z}, -, which has the advantage of being linearly ordered.

Definition 1.36 (Linearly ordered system). An inverse system J is linearly ordered if there is a
bijection f: J — N such that i < j if and only if f(i) > f(j)-

Note that this is equivalent to J being isomorphic to the inverse system N on N with the wrong-way
ordering < defined by © < j if and only if i > j.

Proposition 1.37. Let J be a countable inverse system. Then J has a linearly ordered cofinal
subsystem.

Example 1.38. (i) If J is an inverse system and k € J, then Jo,, = {j € J, j < k} is a principal
cofinal subsystem.

(ii) A cofinal subsystem of N is the same as an increasing sequence of integers.

Proposition 1.39. Let (Gj)jeJ be an inverse system of groups or sets. Let I C J be a cofinal
subsystem. Then there is a topological isomorphism (or homeomorphism)

lim G 2 im G;.

jeJ el

Proof. We set G = T&njg Gj; and H = @iel G;. The projection map [[;c; G; — [lie; Gi is a

continuous homomorphism and restricts to a map f : G — H. It remains to show that f is bijective.

« Injectivity. Let g = (9g;);.; € G such that f(g) = 1. Then for all i € I, g; = pi(g) = 1. Now, if
j € J, then there exists ¢ € [ such that ¢ < j, and therefore g; = ¢;; (¢;) = 1. Hence g = 1.

o Surjectivity. Let (g;),c; € H. For j € J\I, there exists i € I such that i < j; define g; = ¢;; (gi)-
Show that (g;),.; is well-defined (independently of the choice of i) and that it is an element of
G. O

2 Profinite groups

2.1 The p-adic integers

Definition 2.1 (p-adic integers). Let p be a prime. Consider the inverse system
s LJp "L —» LIp" T s DT~ LpZ — 1

of finite rings. Its inverse limit is the profinite ring

Z, = lim Z/p"Z.

neN

An element o € Z,, (a p-adic integer) is a sequence (an), oy of elements of Z/p"Z such that a, = ap,
mod p™ if n = m. The element a,, = p,(a) will also be denoted by o mod p".
Addition and multiplication are done component-wise.

Definition 2.2 (Pro-p group). Let p be a prime. A pro-p group is an inverse limit of finite p-groups,
i.e. finite groups whose order is a power of p.
The pro-p completion of a group T is

F(p) = lim F/N
N4r
T'/N pro-p

Example 2.3. Z, = Z(p).



Remark 2.4. The projections Z — Z/p"Z induce a map t : Z — Z,. This map v is injective, and
we will therefore view Z as a subring of Z,.

Remark 2.5. The usual profinite topology on Z, is induced by the metric d defined as follows: if
a#PB e, letn=min{m eN, a# § mod p™} and set

d(a, ) =p™".

The restriction of this metric to 7Z is the p-adic metric on Z.
Given r > 0, the open ball B(0,r) with centre O and radius r in Z, is:

B(0,r) = Ker (Z, — Z/p™Z) ,
with m = [— log,, 7’] Note that this is one of the usual open neighbourhoods of 0 of Proposition 1.28,
and that it is also closed.
Proposition 2.6. The additive group Z, is abelian and torsion-free.

Proof. Z, is abelian as a limit of abelian groups. To prove that it is torsion-free, let o = (ay),,cy €
Z,, # 0 and assume for contradiction that there exists m > 1 such that ma = 0. Write m = p”s with
r > 0 and s > 1 not divisible by p. Since a # 0, there exists n > 0 such that

a0 mod p".
In other words, p™ t a,. But ma = 0 implies that p"*" | p"sa,4r = Mapir, s0 p* | apy,. This is a
contradiction because a,, = a,, ., mod p". O

Proposition 2.7. The ring Z, is an integral domain.
In particular, it has a field of fraction, which will be denoted by Q, 2 Z,.

2.2 The profinite integers
Theorem 2.8 (Chinese Remainder Theorem). There is an isomorphism of topological groups and
of rings,
z= 1] Z,.
p prime
Proof. The continuous homomorphisms (Z -7/ p”Z) _, Are compatible with the transition maps

nz

Z/p" 7 — 7 /p"Z, so they induce a homomorphism 7 — Z, such that the diagram

Z L
NS
Z7/p"Z

commutes for all n > 0. This map is continuous by Lemma 1.26. Now the maps (Z — Zp) .
p prime

induce a continuous homomorphism

f: 7 —s H L.
p prime
By Lemma 1.25, it suffices to show that f is bijective.

Surjectivity. Since Z is compact, Im f is closed in [], Z,, so it suffices to show that Im f is dense
in [], Z,, so it actually suffices to prove that Im f intersects all basic open sets of [], Z, nontrivially.
But those basic open sets can be written as

T
Ut = Tl (i + 00 Zp) x - [ Zp =67 (2,0 20),
=1 PEP1,--sPr
where ¢ is the projection ], Z, — [Ij_, (Z/p;"Z). Now, if m = pi* ---p'", we have a commutative
diagram:



VA 7 / I, Zy

e

Z/mZ —— Tl Z/p}"Z

The diagram shows that (z1,...,2,) € Im (¢ o f), so Im f N ¢~ (21,...,2,) # @.
Injectivity. Let g € Z\{0}. Then there exists m > 1 such that the image of ¢ in Z/mZ is nonzero.
Writing m = pi* - - - pi~ and considering the above diagram, we have ¢ o f(g) # 0, so f(g) #0. O

Corollary 2.9. (i) The additive group 7, is abelian and torsion-free.

(ii) The ring Z does have zero-divisors.

2.3 Profinite matrix groups
Notation 2.10. Let R be a commutative ring with unity.
« Mat, ,(R) is the ring of n x n matrices with entries in R,
« GL,R={A € Mat,,(R), det A € R*},
e« SL,R={A € Mat, ,(R), det A = 1}.
Proposition 2.11. (i) Zy =lim _ (Z/p"Z)" and 7 = lim _ (Z/mZ)".
(ii) Z,) is closed and open in Zjy.
(iii) Z* is closed but not open in 7.
Proposition 2.12. Consider the rings Mat,, , (Z,) and Mat,, ,, (Z)

(i) Matyy (Zy) =lim _ Mat,,, (Z/p"Z) and Mat,, , (Z) = lim _ Mat,,, (Z/mZ).

(i) GL,Z, and GL,Z are groups under multiplication (and similarly for SL,).
(ili) GL,Z, = hm _ GL, (Z)p™Z) and GL,Z = fm . GLy, (Z/mZ) (and similarly for SL,).
(iv) GLnZ, and SL,Z, are closed in Mat,., (Z,) (and similarly for 7).

(v) GL,Z = 1, prime GLnZy (and similarly for SLy,).

2.4 Subgroups, quotients, and homomorphisms
Remark 2.13. Non-closed subgroups of profinite groups can behave badly, e.g. 7N < I,Z, = 7.

Proposition 2.14. Let (Gj)jeJ be an inverse system of finite groups, G = @je(} G;. If X CGis
a subset, then B
X =1limp;(X) = (9} (p;(X)) -
7€ jed
Proof. 1t is clear (by Proposition 1.12) that r&ljejpj (X) =Njesp; " (pj(X)); denote this set by X.

We claim that X’ = X. We have X C X', and X is closed, so X C X'. Now if g € G\ X, then since
G\X is open, there is a basic open set p; ' (g;) s.t.

gep;(g) CG\X.

Therefore, X Np; ' (g;) = @, s0 g; € p; (X) and g ¢ X'. Hence G\X C G\ X" O

10



Corollary 2.15. Let (Gj)jeJ be an inverse system of finite groups, G = @je} Gj. If XCGisa
subset, then

X= () XN
NaG
open
Proof. Note that Nyag XN = Njes X Kerp; =N p; " (pj(X)) and use Proposition 2.14. O

open

Corollary 2.16. Closed subgroups of profinite groups are profinite.

Proposition 2.17. Let (Gj)jeJ be a surjective inverse system of finite groups, G = @jej Gj. Let
H < G be a closed subgroup. Then H has finite index (or equivalently by Proposition 1.27, H is

open) if and only if there is a cofinal subsystem I C J such that ([G; : p;(H))),c; s constant. In this
case, |G : H| = [G; : p;(H)] for alli € I.

Lemma 2.18 (First Isomorphism Theorem for profinite groups). If f : G — @ is a surjective
continuous homomorphism between profinite groups, then there is a topological isomorphism f :
G/ Ker f = Q such that the following diagram commutes:

G

IS

G/Kerf?Q

Proof. The first isomorphism theorem for groups tells us that there exists a group isomorphism f
making the above diagram commute. Now f is continuous as the map on the quotient induced by a
continuous map; and it is a homeomorphism by Lemma 1.25. O

Proposition 2.19. Let G be a profinite group and N < G a closed normal subgroup. Then G/N,
equipped with the quotient topology, is a profinite group.

Proof. Let <Gj>jeJ be a surjective inverse system such that G = l'&njg G;. Define N; = p;(N).
By surjectivity, N; < Gj, so we may define (); = G;/N;. Since ¢;; (N;) = Nj;, there are maps
Yij + Qi — Q; induced by ¢;; : G; — G;. Now (Qj)jej is an inverse system; we let Q = @njg Qj, a
profinite group. There is a continuous homomorphism [];c; G; — [];e; @; restricting to f: G — Q.
Then, using Proposition 2.14 and the fact that N is closed,

Ker f = () p;' (N;) = N.
jeJ
By Lemma 2.18, G/N%“Q%Jlglje]@j. ]
Corollary 2.20. Continuous quotients of profinite groups are profinite (with the quotient topology).

Definition 2.21 (Morphism of inverse systems). Let (G;),.; and (H;),; be inverse systems of finite
groups indexed over the same poset J. Denote the transition maps by gzﬁg and gzﬁg respectively. A
morphism of inverse systems is a family (f; : G; — H, of group homomorphisms such that, for
all i X j, the following diagram commutes:

)jeJ

G~ g,
|, ol
G, i



Proposition 2.22. Given a morphism between two inverse systems (G;),., and (Hj),_; of finite
groups indexed over the same poset J, there is a unique continuous homomorphim f : G — H such
that the following diagram commutes for all j € J:

f

.

Proof. The maps <fj op]G)JEG form a cone over (Hj), ;. O
Proposition 2.23. Let (G;);.; and (H;);c; be two inverse systems of finite groups (with I,.J count-
able), G = l'&ljeJ G; and H = @iel H;,. If f: G — H is a continuous homomorphism, then there

are cofinal subsystems J' C J and I' C I, an order-preserving bijection a : J' = I', and a morphism
(fj/ 1 Gy — Hyyry e which induces f as in Proposition 2.22.

J
Proof. By Propositions 1.33 and 1.37, we may assume that J and [ are linearly ordered, that they
are in fact both N with the wrong-way ordering, and that (G;),.; and (H;),; are surjective inverse
systems. We set I’ = I. We then construct an increasing sequence (ky), oy of natural numbers (so

H
that J' = {k,, n € N} will be cofinal in J) as follows: we have a continuous map G I 72 H,, s0
its kernel is open and hence it contains a basic open subgroup Ker pgn of G, i.e.

Kerkan C Ker (an o f) .

It follows that there is a quotient map f, : Gy, — H, induced by f : G — H. By increasing k,,
we may assume without loss of generality that k, > k,_1, and hence we have a morphism of inverse
systems. []

2.5 Generators of profinite groups

Definition 2.24 (Topological generating set). Let G be a topological group. Given S C G, the closed
subgroup generated by S is the smallest closed subgroup of G which contains S. Since the closure of
a subgroup is a subgroup, this is equal to @

We say that S is a topological generating set for G if (S) = G. We say that G is topologically
finitely generated if it has a finite topological generating set.

Proposition 2.25. Let G be a compact topological group and let U < G be an open subgroup. Then
U is topologically finitely generated if and only if G is.

Proof. Note first that U has finite index in G by Proposition 1.27.

(=) Assume that U = (S) for some finite set S. Let T" be a (finite) set of coset representatives
for U in G. Then SUT is a (finite) topological generating set for G.

(<) Assume that G = (S) for some finite set S. Note that U N (S) has finite index in (S), so it
is generated by some finite set 7 C (S). Since U is open and (S) is dense in G, (T') = U N (S) is
dense in U. O

Proposition 2.26. Let G = l'gljej G be an inverse limit of finite groups. Then a subset S C G is
a topological generating set if and only if p;(S) generates p;(G) for all j € J.

Proof. By Corollary 1.29, (S) is dense if and only if (p;(5)) = p, ((S)) = p;(G) for all j € J. O
Proposition 2.27. Let a € Z,,. The following assertions are equivalent:

(i) « topologically generates Z,.
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(ii) @« #0 mod p.
(ili) « is invertible in the ring Z,.

The set of a € Z,, satisfying the above conditions will be denoted by Z,; .

Moreover, for all n € N and for all a, € (Z/p"Z)™, there exists a € Z, such that o = ay,
mod p".

Proof. (i) = (iii) If « is a topological generator of Z,, consider the map f, : Z, — Z, given by
z +— ax. Then f, (Z,) is closed (because f, is continuous and Z, is compact), and contains («), so
it contains (o) = Z,. In particular, 1 € f, (Z,), i.e. « is invertible.

(iii) = (ii) If « is invertible, then there exists § € Z, such that a8 = 1. Therefore, aff =1
mod p, so & Z 0 mod p because Z/pZ is an integral domain.

(ii) = (i) Write o = (an),eny € [nen Z/p"Z. If a 0 mod p, then for all n, a, #Z 0 mod p, so
a, generates Z/p"Z. By Proposition 2.26, « topologically generates Z,. O

Proposition 2.28. (i) An element o € 7 is invertible if and only if « =0 mod p for all prime
numbers p.

(i) Z* is a closed subset of Z.
(iii) For alln € N and for all k € (Z/nZ)", there exists k € Z* such that k = k mod n.
Proof. Use the Chinese Remainder Theorem (Theorem 2.8). O

Lemma 2.29 (Gaschiitz’s Lemma for finite groups). Let f : G — H be a surjective homomorphism of
finite groups. Assume that G has a generating set of size d. Then for any generating set {z1,. .., zq}
of H, there is a generating set {x1,..., x4} of G such that f (z;) = z;.

Proof. We shall say that a vector z = (71,...,24) € G? generates G if (z) = (11,...,24) = G. We
also extend f to a map f: G* — H defined by f (z1,...,2q4) = (f (z1),..., f (za4)). Given y € H?
a generating vector for H, we consider

Ng (g) = ng GY G = (z) and f(z) :g}‘.

We claim that Ng (y) does not depend on y. If this is true, then we note that G' has a generating

vector 2/, so Ng (f (2')) > 1 and therefore Ng (g) > 1 for any generating vector y for H.

Now we prove the claim by induction on |G|. We consider a generating vector y for H. We denote
by C the set of proper subgroups of G generated by at most d elements. Given a (not necessarily
generating) vector z € G* such that f (z) =y, we have (z) = G or (z) € C. Therefore,

Ker f|* = [{z € G*, f(2) = y}| = No (y) +CZCNC (4)-

But |Ker f|d does not depend on y, N¢ (y) does not depend on y (because either fo : C' — H is
surjective and we can use induction, or N¢g (g) =0), so Ng (g) does not depend on y. O

Lemma 2.30. Let G be a profinite group and let U be a collection of open normal subgroups of G
which is a basis of open neighbourhoods at 1. Then

G=1limG/U.
Sai
Proof. The projections G — G/U induce a continuous homomorphism f : G — l.LnUeu G /U, which
is surjective by surjectivity of G — G/U. The morphism f is also injective because U is a basis

of open neighbourhoods: for all ¢ € G\{1}, there exists an open neighbourhood V' C G such that
g ¢V, and therefore there exists U € U such that U C V; hence g € U. O

13



Corollary 2.31. If G is a topologically finitely generated profinite group, then G can be written as
an inverse limit of a countable inverse system of finite groups.

Proof. Apply Lemma 2.30 to the set U = {U,, n € N} where U, is the intersection of all open
subgroups of index at most n. O

Theorem 2.32 (Gaschiitz’s Lemma for profinite groups). Let f : G — H be a continuous surjective
homomorphism of profinite groups. Assume that G has a topological generating set of size d. Then
for any topological generating set {z1,...,zq4} for H, there is a topological generating set {xy,..., x4}

for G such that f (x;) = z;.

Proof. By Corollary 2.31, we may assume that G'and H are inverse limits of countable inverse systems
of finite groups. By Proposition 2.23, we may assume without loss of generality that G = @je 5 G

and H = @jej Hj, where (G;),.; and (H;), ., are surjective inverse systems and [ is induced by a
morphism of inverse systems (f; : G; — H;),. ;. We now consider

X;={z;€Gl Gy =(z;), £ (z;) =p; (2)}.

Then (Xj)jE ; forms an inverse system of nonempty sets (by Lemma 2.29), so @jg ,Xj # @ by
Proposition 1.18. But L
limX; = {z € G*, G=(a), f(z) =z} O

J€J
3 Profinite completion

3.1 Residual finiteness

Notation 3.1. Given a group I', we denote by L its profinite completion and by i : I' — [ the
canonical map (we may drop the subscript).

Definition 3.2 (Residual finiteness). Let " be a group. The following assertions are equivalent:

(i) For all v € I'\{1}, there exists a normal subgroup N <y; I' of finite index such that v & N.
(ii) The canonical map up : T — T is injective.

We then say that I' is residually finite.

Example 3.3. (i) Any finite group is residually finite.
(i) Z is residually finite.

Proposition 3.4. A subgroup of a residually finite group is residually finite.

Proof. Let I' be residually finite, let A < T'. Given 0 € A\{1}, there exists N <Jy; I" such that 6 ¢ N.
Hence NNA <y Aand 6 ¢ NNA. O

Proposition 3.5. Let I' be a group and A <z; I' be a subgroup of finite index. Then I' is residually
finite if and only if A is.

Proof. (=) This is Proposition 3.4.
(<) Assume that A is residually finite. Let v € T\{1}. If v &€ A, take

Corer(A) = () gAg™.

gel’

Note that the above intersection is finite because it can be taken over a set of coset representatives
of A in I'; therefore, Corer(A) Qy; I', and v & Corer(A). Now if v € A, there exists M <y A
such that v € M because A is residually finite. Then M <y; I', so we have Corer(M) <y; I and
v ¢ Corer(M). O

14



Proposition 3.6. A direct product of residually finite groups is residually finite.
Corollary 3.7. Finitely generated abelian groups are residually finite.

Remark 3.8. Abelian groups are not all residually finite: for instance, Q has no nontrivial finite
quotient, so Q = 0 and the canonical map vy cannot be injective.

Proposition 3.9. SL,7Z and GL,Z are residually finite for all n.

Proof. If A € GL,Z\{I}, take a prime p greater than some nondiagonal entry of A, so that A % 1
under GL,Z — GL, (Z/pZ). Therefore, GL,Z is residually finite, and so is SL,,Z by Proposition
3.4. ]

Corollary 3.10. Finitely generated free groups are residually finite.

Proof. Finitely generated free groups embed as subgroups of SL,Z, so this is a consequence of
Propositions 3.4 and 3.9. O

Theorem 3.11 (Maltsev’s Theorem). Let K be a field. Then any finitely generated subgroup of
GL,K or PSL,K is residually finite.

Corollary 3.12. Fundamental groups of closed surfaces are residually finite.

Proof. The fundamental group of a closed surface embeds as a subgroup of PSLsR. O

3.2 Profinite completion and finite quotients

Lemma 3.13. Let I' be a group. Then the open subgroups ofF are exactly the subgroups vp(A) for
ALy,

Proof. If A <; I, then /,F(A) is closed. Let g1,..., g, be coset representatives for A in I'. Hence,

=0 =i (Uid) = Ure 0) ()

so tr(A) has finite index in I and is therefore open (c.f. Proposition 1. 27).

Conversely, let U < T' be an open subgroup. Since I' = i (T), we have U = U N (T). Set
A=Y U) =t (UN LF(F)). Then A <z I and o (A) = U N op(T). O

Theorem 3.14. Let G, H be topologically finitely generated profinite groups. If the sets of isomor-
phism types of continuous finite quotients of G and H are equal, then G = H.

Proof. For n € N, let G,, (resp. H,) be the intersection of all open subgroups of G (resp. H) of
index at most n. Hence G,, is open in G, H,, is open in H, and by Lemma 2.30,

:@G/Gn and H:@H/Hn.

neN neN

Since G/G,, is a continuous finite quotient of G, it is also a continuous finite quotient of H by
assumption. Therefore, there exists a normal open subgroup V' < H such that G/G,, = H/V. The
intersection of normal subgroups of index at most n of G/G,, is trivial by choice of G,,, so V can
be written as an intersection of some open normal subgroups of H of index at most n (by taking
preimages in H). It follows that H, < V. Therefore,

G/Gnl = |H/V| < |H/Hy|.
But by symmetry, the converse inequality also holds, from which we deduce that H,, =V and

G/G,~ H/H,.
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Now we must construct an isomorphism of inverse systems; we let S, be the (nonempty) set of
isomorphisms G /G, = H /H,. Given f, € S,, the image by f, of a subgroup of G/G,, of index
at most n — 1 is a subgroup of H/H,, of index at most n — 1; therefore f, (G,_1/G,) = H,_1/H,.
Because G/G,,_1 = G/Gn_ the map f, induces an isomorphism

Gn-1/Gn’
wn,n—l (fn) : G/Gn—l — H/Hn—h

such that the diagram

G/G, Jn H/H,

| J

G/Gn—l ¢n,n—1 (fn) H/Hn—l
commutes. Thus, S, is an inverse system of nonempty sets (with the transition maps ¢, ,_1),
SO @neN Sn, # @ by Proposition 1.18. Hence there exist (fn :G/G, =N H/H")neN such that the
above diagram commutes for all n. By Proposition 2.22, we obtain an isomorphism I‘&nneN G/G, =
@nGN H/H,. m
Theorem 3.15. Let I') A be finitely generated groups. Then I ~A if and only if the sets of

isomorphism types of finite quotients of I' and A are equal.

Proof. Use Theorem 3.14 together with the fact (Lemma 3.13) that continuous finite quotients of I
correspond to finite quotients of T'. n

3.3 Recovering information about a group from its profinite completion
Proposition 3.16. Let I' be a residually finite group. Then I is abelian if and only z'ff‘ is.

Proof. If T is abelian, then all its quotients are abelian, so [ is abelian. The converse is clear because
tr : I'— I is injective. [

Proposition 3.17. Let G, H be residually finite and finitely generated groups.
(i) If G is abelian and G = H, then G = H.
(ii) If G H, then Ga, = H.y,, where Gap, = G/|G, G| is the abelianisation of G.

Proof. (i) Note that, by Proposition 3.16, both G and H are abelian. Since they are finitely generated,
we can write
G=Z'xT and HZ=Z°xT,

with 7, 7" finite. We now wish to obtain r,s,T,T" from the set of finite quotients of G and H (so
that we can use Theorem 3.15). We have

r= max{k:, Vn, G — (Z/nZ)k} = max{k:, Vn, H — (Z/nZ)k} =s.

Similarly, 7" is the largest finite abelian group such that 7" surjects to (Z/nZ)" x T for all n; therefore
T=T and G = H.

(ii) If G = H, then G and H have the same finite abelian quotients, so the abelianisations Gap,
and H,, have the same finite quotients, i.e. Gap = H,ap. Now (i) implies that Gap, = Hap. O

Example 3.18 (Baumslag). Let ¢ : Z/25Z — 7. /257 be the automorphism given by t — 6t. The
order of ¢ is 5. Form the semidirect products

G1 :Z/QSZ >4¢Z and GQZZ/QSZ N p2 Z.

Then Gy % G, but G1 = Gs.
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Remark 3.19. The following question is open: if G is finitely generated and residually finite and F
s a finitely generated free group, does Jal=¥e: mply F = G?

Equivalently: does there exist a finitely generated and residually finite (non-free) group G, and
an integer n € N, such that a finite group Q is a quotient of G if and only if the minimum number
of generators of Q) is at most n?

Proposition 3.20. Let F, F’ be finitely generated free groups. If = ', then F = F.

Proof. Let r (resp. s) be the rank of F' (resp. F”). If F =~ F' then by Proposition 3.17, Z" = F,, =
Fl,=7%sor=sand FF = F'. O

a

Definition 3.21 (Surface groups). We denote by S, the fundamental group of the closed genus g
surface. In other words,
Sg = <CL1, bl, <oy Qg bg | [al, bl] s [Clg, bg]> .

Remark 3.22. Note that (S,),, = Z* = (Fy),,, so Proposition 3.17 is not sufficient to distinguish
S*g from the profinite completion of a free group.

Proposition 3.23. Let G be a finitely generated and residually finite group, viewed as a subgroup of
its profinite completion GG. Then there is a bijection

Y :{H <G, [G:H]<oo}i>{H<@,Hisopenz’né},
given by H — H, and satisfying, for all K <;; H <;; G,
() [ : K] = [ K],
(ii) K < H < K < H, and in that case, H/K = H/K,
(iii) H =~ H.

Proof. The map 9 is well-defined and surjective by Lemma 3.13. To prove that v is injective, it
suffices to show that H NG = H for all H <;; G. It is clear that H C H N G. Now consider the
action of G on the set of cosets G/H; since the latter is finite, this action extends to a continuous
homomorphism « : G — S¢/u- If g € G\H, consider the set

U={reG, alx)(H)=gH}.

This is an open subset of G (by continuity of o), and U N H = @. It follows that U N H = &, so
g € U C G\H. This proves that H NG = H. Now we need to prove (i) — (iii).

(i) The proof of Lemma 3.13 shows that, if (g;),., is a set of coset representatives for H in G,
then it is also a set of coset representatives for H in G. It remains to show that they are distinct.
Assume that g;H = g;H; then g;'g; € HNG = H, so g;H = g;H.

(ii) If K < H, then K = KNG < HNG = H. Conversely, if K < H, then K acts trivially on
H/K = H/K, so K also acts trivially and K < H. The isomorphism H/K = H/K follows from the
proof of (i).

(iii) If H — H/K is any finite quotient, then we have an induced continuous homomorphism H —»

H/K. Thus, we have a family of maps (ﬁ — H/K )K< o which induces a continuous surjective

homomorphism H —» H. This morphism is also injective: if h € H\1, then by residual finiteness there
is an open normal subgroup U <j; GG such that h & U; therefore h v/ 1 under H » H/HNU. [

CorollaryA3.24A(Basic Correspondence). Let G1, Gy be finitely generated and residually finite groups
such that G1 = G5. Then there is a bijection

¢ {H <Gy, [Gy: H < o0} = {H <Gy, [Gy: H] < o0},

such that, for all K <z H <y; Gy,
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(i) [H: K] =[v(H) : (K],
(i) K 9 H < (K) <¢(H), and in that case, H/ K = (H)/V(K),

(ifi) H = ¢ (H).
Corollary 3.25. 5'9 e E, for anyr,g.

Proof. Every finite-sheeted cover of a surface is a surface, so every finite index subgroup of Sy is also
a surface group, and has therefore abelianisation Z2¢. However, F, has an index 2 subgroup, and the
Nielsen-Schreier Theorem implies that this subgroup is free of odd rank. The Basic Correspondence
(Corollary 3.24) implies that S, 2 E,. O

3.4 The Hopf property

Definition 3.26 (Hopf property). A (topological) group G has the Hopf property (or is Hopfian, or
Hopf), if every (continuous) surjective homomorphism G — G is a (topological) isomorphism.

Example 3.27. Finite groups are Hopfian.
Proposition 3.28. Let G be a topologically finitely generated profinite group. Then G is Hopfian.

Proof. For n > 1, let U, be the set of open subgroups of G of index at most n and G,, = Nyey, U.
Then G, is open (because U, is finite), and by Lemma 2.30,

=lim G/G,.
o1
Now if U € U,, and f : G — @ is surjective, we have [G: U] = [G: f~1(U)], so f71(U) € U,.
Therefore,

fl(Gn)Zfl(ﬂ U) =N /U2 V=G,

UeUy, Ueln, Veun
€U €U, U, €U,

Therefore, f (Gr) C G,, so there is a quotient map f,, : G/G, — G/G,. The map f, is surjective
because f is, so f, is an isomorphism because G/G,, is finite. Since this is true for all n, and
= I'£1R> G /G, it follows that f is an isomorphism. ]

Corollary 3.29. IfT' is a finitely generated and residually finite group, then I is Hopfian.

A A

Proof. Let f : I' — T" be a surjective homomorphism. Then f induces a unique map f ' =T
making the following diagram commute:

Note that ¢ is injective by re81dual finiteness. The image of f is compact and contains the dense set
("), so f is a surJectlon and I is topologically finitely generated, so it is Hopfian by Proposition 3.28,
and therefore f is an isomorphism. It follows that f is injective, so it is also an isomorphism. O]

Proposition 3.30. Let G be a (topological) group with the Hopf property. Let H be a (topological)
group. If there are (continuous) surjections f : G — H and f' : H — G, then f and f" are both
(topological) isomorphisms.

Proof. Note that f o f : G — G is a (continuous) surjection, and G is Hopfian, so f' o f is a
(topological) isomorphism. In particular, f is injective, so it is a (topological) isomorphism. Hence,
f'=(f"of)of!isalso a (topological) isomorphism. [
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Notation 3.31. Given a finitely generated group I', we denote by d(I') the minimum number of
generators of T'.
Note that, if there is a surjection I' — @, then d(I") > d(Q).

Proposition 3.32. Let T" be a group. Assume that T' has a finite quotient Q) such that d(T') = d(Q).
If F is a free group such that ' =T, then F = T.

Proof. 1f = f, then @ is also a quotient of F. It follows that
d(F) > d(Q) = d(I').

Therefore there is a surjection f: F — I', inducing in turn a continuous surjection f F — T Since
F' is Hopfian (and =N ), fis an 1somorphlsm It follows that f : FF — I is injective, so it is an
isomorphism. O

Example 3.33. Let n,m be coprime integers. Then the group
BS(n,m) = <a,t | ta™t™! = am>
is not Hopfian and therefore not residually finite.

Proof. Consider the map f : BS(n,m) — BS(n, m) defined by ¢ +— ¢ and a — a™. This is a surjective
homomorphism (because the image contains t, a”, a™, and therefore a because n, m are coprime).
But f is not injective: indeed, by considering an action on a tree, we can show that a does not
commute with tat™', so [a,tat™] # 1, but f ([a,tat™!]) = [a",a™] = 1. O

3.5 Finite quotients of free groups
Theorem 3.34. Let F be a finitely generated free group.
(i) F is residually finite.

(ii) F is residually p-finite, i.e. for all g € F\{1}, there exists a finite p-group QQ and a surjection
f: F — Q such that f(g) # 1.

Proof. (i) Assume that F' is freely generated by a finite set S. Let ¢ € F\{1}, and write g as a
reduced word si'--- s, with s; € S and ¢; € {+1}.

The idea is to view F as the fundamental group of a bouquet X of |.S| circles labelled by elements
of S. Write the word g along a line to obtain a labelled graph Y with n + 1 vertices vy, ..., v,, with
an edge labelled by s; going from v;_; to v; when ¢; = +1 (or in the other direction if ¢; = —1).
There is a natural continuous map Y — X; we would like to make it a covering of X. But we need
Y to look locally like X, i.e. every vertex in Y should have exactly one edge labelled by each element
of S entering, and one leaving. Note that, in Y, there are the same number of vertices lacking an
outgoing s-edge as there are lacking an incoming one. So we can add s-edges to obtain a new graph
Y in which every vertex has an incoming s-edge and an outgoing one. Now, Y is a finite-sheeted
covering space of X, so it corresponds to a finite index subgroup mY <j; F, and g € m Y. However,

7Y may not be normal in F'.

We note that following the s-edges induces a permutation of the set V' of vertices of Y. There is
therefore a natural action of F' on V, i.e. amap f: F — &y. Now g is not in Ker f because f(g)
maps vg to v,, but Ker f has finite index and is normal in F. O

Theorem 3.35 (Marshall Hall). Let F' be a finitely generated free group. Let S C F be a finite
subset and let y € F\ (S). Then there is a finite group Q and a homomorphism f : F' — @ such that

fy) & f(S)).

Equivalently, in the profinite completion F,

(S)NF =(5).
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Proof. Assume that F' is freely generated by a finite set 7. Write y = t7*---t5», with t; € T and
g; € {£1}. Asin Theorem 3.34, start by considering a line graph with n + 1 vertices vy, . .., v, with
the word y written along the edges v;v; 1. Now from vy, add one cycle for each element of S, labelling
the edges of each cycle by the letters of the corresponding word in S. At this point, vy may have
several incoming (resp. outgoing) edges labelled by the same generator, so it is not directly possible
to proceed as in Theorem 3.34. To solve this problem, perform a number of Stalling folds: whenever
one vertex has several incoming (resp. outgoing) edges labelled by the same generator, identify all
the edges to obtain a new graph. Repeat this process until every vertex has at most one incoming and
one outgoing edge labelled by each generator. Then proceed as in Theorem 3.34: add edges to make
the given graph Y a covering space for a bouquet of |T'| circles, consider the action f : FF — &y on

the set of vertices of Y given by following labelled edges, and note that f(.5) C Stab (vg) # f(y). O

Remark 3.36. Note that, if S = &, Theorem 3.35 says that finitely generated free groups are
residually finite.

Corollary 3.37. Let F be a finitely generated free group. If a finite subset S does not generate F,
then there exists a finite group Q and a homomorphism f: F' — Q such that f ((S)) # f(F).
Equivalently, (S) = F <= (S) = F.

4 Pro-p groups

Definition 4.1 (Pro-p group). Let p be a prime. A pro-p group is an inverse limit of finite p-groups,
i.e. finite groups whose order is a power of p.
The pro-p completion of a group I' is

F(p) = lim F/N
N4ar
T'/N pro-p

4.1 Frattini subgroup of finite groups

Definition 4.2 (Frattini subgroup). Let G be a finite group. The Frattini subgroup ®(G) of G is
the intersection of all maximal proper subgroups of G.

Proposition 4.3. If f : G — H is a surjective homomorphism between finite groups, then
f(®(G)) € ®(H).

In particular, ®(G) is a characteristic normal subgroup of G (i.e. ®(Q) is stable under every auto-
morphism of G).

Proof. Let M be a maximal proper subgroup of H. Then f~!(M) is a proper subgroup of G (because
f is surjective), and it is maximal: if f~'(M) C N C G, then M C f(N) C H, so f(N) = H as
M is maximal, and therefore G = N - Ker f = N because N O f~}(M) D Ker f. This proves that
f~H(M) is maximal. It follows that

o(G) C 1 (M),
so f(®(G)) € M. Since this is true for all M, we have f (®(G)) C ®(H). O

Notation 4.4. Given a group G, a normal subgroup N < G and a subset S C G, we write SN/N
for the image of S under the projection G — G /N.

Proposition 4.5. Let G be a finite group. Given a subset S C G, the following assertions are
equivalent:

(i) S generates G.
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(ii)) S®(G) generates G.
(iii) S®(G)/P(G) generates G/P(G).
Intuitively, elements of ®(G) are non-generators.

Proof. (i) = (ii) = (iii) Obvious.

(iii) = (i) Suppose that S does not generate GG. Then, since G is finite, S is contained in some
maximal proper subgroup M of G. Now ®(G) C M, so M/®(G) is a proper subgroup of G/®(G).
Therefore,

S(G)/2(G) € M/2(G) € G/2(G),
so SO(G)/P(G) does not generate G/P(G). O
Notation 4.6. Let G be a group, H, K be subgroups of G and n € Z.
e« HK ={hk, he H, k € K}.
HK is a subgroup of G if H I G or K I G. Moreover, HK is normal if H, K are both normal.
o [H,K]={{[hk], h€ H, ke K}), where [h, k] = h k" hk.
[H, K| is normal if H, K are both normal.
o G, = G/|G,G] is the abelianisation of G.
e H*=({h", he H}).
H" is normal if H is.
Proposition 4.7. Let G be a finite p-group. Then
O(G) = [G,G]G? = Ker (G — Gap, — Gap/pGap) -
In particular, G/®(G) = Gab/pGap is a Fy-vector space, so
G/®(G) = FAD,

where d(G) is the minimal size of a generating set of G.

4.2 Generators of pro-p groups

Definition 4.8 (Frattini subgroup of a profinite group). Let G' be a profinite group. The Frattini
subgroup ®(G) of G is the intersection of all mazximal proper closed subgroups of G (i.e. closed
subgroups M C G such that, for any proper closed subgroup N O M, we have N = M ).

Lemma 4.9. Let G be a profinite group.

(i) Any proper closed subgroup of G is contained in a proper open subgroup, and hence in a maximal
proper closed subgroup.

(ii) Mazximal proper closed subgroups are open.

Proof. Write G' = Y&njel Gj.

(i) If H € G is a proper closed subgroup, then H is not dense, so there exists j € J such that
p;(H) C p;(G). Now U = pj_1 (p;j(H)) is a proper open subgroup of G containing H. By Proposition
1.27, the group U has finite index in GG, so there is a maximal proper closed subgroup of G containing
U (and hence H).

(ii) By (i), any maximal proper closed subgroup M is contained in a proper open subgroup U,
which must equal M by maximality, so M is open. O
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Proposition 4.10. If f : G — H is a surjective continuous homomorphism of profinite groups, then
[(2(G)) € ©(H).

Proposition 4.11. Let G be a profinite group. Given a set S C G, the following assertions are
equivalent:

(i) S topologically generates G.
(ii) SO(G) topologically generates G.
(iii) S®(G)/P(G) topologically generates G/P(G).

Proposition 4.12. Let (Gj)jeJ be a surjective inverse system of finite groups, let G = l'&njet] Gj.
Then
d (G) :@Q(Gj).
jet

Proof. Denote by p; : G — G; the projection maps. By Proposition 4.10, p; (®(G)) C @ (G,) for all
J (by surjectivity), so ®(G) C Y&njg P (Gy).

Now let M be a maximal proper closed subgroup of G. Since M is open (Lemma 4.9), there
exists iy, € J such that Kerp;,, € M. Therefore, Kerp; € M for all j < t5;. Hence, for j < i,
p; (M) is a maximal proper subgroup of G, so p,;(M) 2 ® (G;). It follows that

M 2 lim & (G;) = lim @ (Gj) .

=iy JEJ
Since this is true for all M, we have ®(G) 2 T&njej Q(G)). O

Proposition 4.13. Let G be a topologically finitely generated pro-p group. Then

o(G) =[G, G| G?,

and G/P(G) = ]Fz(G), where d(G) is the minimal size of a topological generating set for G.

Proof. Write G = @je S G, where (Gj)je ; is a surjective inverse system of finite p-groups. Then by
Propositions 4.7 and 4.12,
O(G) =lim ® (G)) = lim [G;, G;] GF.
7€ 7€J
Moreover, it is clear that p; ([G,G] G?) C [G}, G;] G%, so p; ([G, G] G’P) C [Gy,G;] GY. Tt follows that
[G,G|Gr C 1&& (Gj,Gy] G% = @(G).

jed

Now G/[G, G] G? is topologically finitely generated by some subset {sq, ..., sq} and abelian. It follows
that {s7*---s;?, 0 < n; < p} is a finite dense subset, so G/[G, G| G? is finite and hence isomorphic to
F¢ for some d. Hence there is a continuous surjection p : G — G/|G, G]G? = F. Since ¢ (Fz) =1,
Proposition 4.10 implies that

p(®(G) C @ (Fd) =1,

so that ®(G) C Kerp = [G, G]|GP. O

Corollary 4.14. Let f : G — H be a continuous homomorphism of topologically finitely generated
pro-p groups. Then f(®(G)) C ®(H) and hence there is an induced map f. : G/®(G) — H/P(H),
which is Fp-linear, and such that f is surjective if and only if f. is.
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Proof. By Proposition 4.13, ®(G) = [G, G] GP. But it is clear that ® (|G, G]GP?) C [H, H| H?, and
so by continuity ¢ ([G, G] GP) C [H,H]HP,ie. f(®(G)) C ®(H). Now by Proposition 4.11,

f(G)=H = f (G) topologically generates H
f(G)P(H)/®(H) topologicallly generates H/®(H)
f(G/®(@Q)) topologically generates H/®(H)
f(G/2(G)) = H/®(H). O

Example 4.15. Let F' = F ({a,b}) be the free group on two generators. Consider its pro-p completion
G = Fy). Then G/®(G) = F2. If S = {a'b?a,ba™?b} C F, then S maps to {(5,2),(—2,2)} under
G — G/®(G) = ;. Since

‘5 —2’:14’

2 2
it follows that S®(G)/P(G) generates G/P(G) if and only if p # 2, 7.

4.3 Nilpotent groups
Notation 4.16. If G is a group and g, h € G, we write g" = h™'gh.

Notation 4.17. Let G be a group. A commutator of length 2 is [g1,g2] = g7 ¢{*. Iteratively, a
commutator of length n is defined by [g1, ..., ga] = [91, 92, - -, gn]]-

Definition 4.18 (Lower central series). If G is a group, its lower central series (7,(G)),,5, is the
sequence of normal subgroups of G defined by v1(G) = G and

Tn+1 (G) = [G, %“L(G)] :

We say that G is nilpotent of class ¢ if v.41(G) = 1 and 7.(G) # 1. In that case, v.(G) is central in
G.

Remark 4.19. (i) A group is nilpotent of class 1 if and only if it is abelian.

(ii) 7, s fully characteristic in the sense that if f : G — H is a group homomorphism, then
f(m(G)) S y(H).

Proposition 4.20. If a group is nilpotent of class c, then all its subgroups and quotients are nilpotent
of class at most c.

Proposition 4.21. All finite p-groups are nilpotent.
Proof. Argue by induction, noting that finite p-groups have a nontrivial centre. O]

Example 4.22. If R is a ring, then the group of upper unitriangular matrices (i.e. upper triangular
matrices with 1s on the diagonal) is nilpotent.

Definition 4.23 (Lower central p-series). Let G' be a topologically finitely generated pro-p group. Its
lower central p-series is the sequence (’y(”)(G)) . defined by 'yfp)(G) =G and

n

Z
Wh(G) =[G (@] (@)
Remark 4.24. Let G be a topologically finitely generated pro-p group.

(i) 7(G) S APUG) for all n.

(ii) ,gp)(G)/%(ﬁzl(G) is a Fy-vector space for all n.
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(iii) vP)(G) is open in G.
(iv) {%gp)(G), n > 1} is a neighbourhood basis at the identity.

Proof. (iii) Note that %(ﬁl(G) o9 (7(p)(G)). It follows that %(ﬁl(G) has finite index in v (G);

since it is also closed, ’yffjil(G) is open in 7P (G) (c.f. Proposition 1.27). The result then follows by
induction on n.

(iv) If N < G is an open normal subgroup of G, then G/N is a finite p-group, so v (G/N)
vanishes for some n (by Proposition 4.21), and therefore v?)(G) C N. O

4.4 Invariance of topology

Lemma 4.25 (Commutator relations). Let G be a group, x,y,z € G.
(i) [zy, 2] = [z, 2] - [y, 2].
(i) [z, yz] = [z, 2] - [z, 9]

Lemma 4.26. Let G be a nilpotent group generated by ay,...,aq. Then every g € [G,G] can be
written as

g =lay, z1] - [ag, x4

for some x1,..., x4 € G.

Proof. We argue by induction on the nilpotency class. If ¢ = 1, the result is trivial because G is
abelian. Assume the result is true for nilpotent groups of class (¢ — 1). In particular, the result is
true for G/v.(G), so we can write

g =lar, 1] - |ag, x4 u,

for some u € 7.(G). Since u € 7.(G) = [G, V._1(G)], it can be written as a product [T, [g;, vi], with
g € G and v; € v.1(G). Now let v € v, 1(G) and w € G. Noting that [h,v] € 7.(G) C Z(G) for all
h € G, the commutator relations (Lemma 4.25) imply that,

a;aj, v] = [a;, V] [a;, V],
-1 ] _ 1] _ -1
[al ,V} = [ai,y } = la;, V],
[aiay] - [a’iv Vﬂ 9
[a;, w] [a;,v] = [a;, vw] .
Since each ¢g; can be written as a product of elements of {alﬂ, e ,adﬂ}, we can use the above
equalities to rewrite u = [aq, 4] - - [aq, V)], so that
g = [aha:l] o [a’dvxd] [ab Vﬂ T [ada Vél] = [ah Vixl] e [ad> Vélxd] : u

Proposition 4.27. Let G be a topologically finitely generated pro-p group. Then [G, G| is closed in
G.

Proof. Write G = Y&nja G, where (G;)
projection maps p; : G — Gj.
Let {ay,...,aq} be a topological generating set for G. Let

jes 182 surjective inverse system of finite p-groups, with

X:{[ahxl]”'[adwxd]? Tiy...,%d € G}
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The set X is compact and closed as the image of G¢ under a continuous map. It is moreover clear
that X C [G, G]. Conversely, if g € [G, G|, then p;(g) € [G;, G,], and G; is nilpotent (by Proposition
4.21). By Lemma 4.26, we can write

pi(9) = [pj (a1) ,21] - - - [pj (aq) , ]

for some x1,...,24 € G;. Hence p;(g) € p;(X) for all j, so g € X = X, completing the proof that
G,G] = X. O

Proposition 4.28. Let G be a pro-p group and let K be a finite index subgroup of G. Then |G : K]
is a power of p.

Proof. We may assume without loss of generality that K is normal in G (otherwise, replace K by
K' = Nyeq 9K g™ " and note that [G : K'] = [G: K| [K : K']). Write [G : K] = m = p'm/ with p{m/.
Consider the set
X={¢", geG} CK.
Note that X is closed as the image of the compact set G under g — ¢g™. By Corollary 2.15, it follows
that
X=X-= ﬂ XN.

N<G
open

We claim that ¢g*" € X C K for all g € G. If this is true, then all elements of G/K will have order a
power of p, so Cauchy’s Theorem will imply that |G/K| is a power of p.

To prove the claim, let ¢ € G and N < G be an open normal subgroup. Then G/N is a p-group,
so we can write [G : N] = p® for some s. Let t = max {r,s}. Then g* € N for all g € G. Moreover,
we have p” = ged (m, p'), so there exist a,b € Z such that am + bp' = p". It follows that

9" = (g")" (gb)pt € XN.
o

Since this is true for all N < G open, we have ¢*" € Nnvag XN = X C K. O

open

Proposition 4.29. If G is a topologically finitely generated pro-p group, then [G,G]GP is closed in
G, hence equals (Q).

Proof. Write G} = {g?, g € G}, so that G? = <G{p}>. Hence
[G,G]G? = [G,G]G™,

because in G/[G, G] (which is abelian), a?b? = (ab)’. Since [G, G] G{P} is closed (as the image of the
compact set [G, G| x G), the result is proved. ]

Theorem 4.30. Let G be a topologically finitely generated pro-p group. Then any finite index
subgroup of G 1is open.

Proof. As in the proof of Proposition 4.28, it suffices to prove the result for normal subgroups.
Assume for contradiction that there is a group G with a normal finite index subgroup K <y; G such
that K is not open in G, and [G : K| is minimal among all such G, K. Consider

M =[G, G| G"K,

and note that K <y, M <y, G. Hence G/K is a nontrivial p-group (by Proposition 4.28), and
Proposition 4.7 implies that

(G/K) = [G/K,G/K](G/K)" = M/K,

so M # G (because the Frattini subgroup is always a proper subgroup). Either M = K, so K D
(G, G| GP = ®(G) which is open, and thus K is open; or M # K, so by minimality K is open in M
(because [M : K] < [G : K]) and similarly M is open in G, so K is open in G. O
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Theorem 4.31. Let G be a topologically finitely generated pro-p group, H a profinite group and
f:G — H a homomorphism. Then f is continuous.

Proof. Let U < H be an open normal subgroup. Then U has finite index in H, so f~1(U) has finite
index in G. By Theorem 4.30, f~1(U) is open in G. Hence, f is continuous. O

Corollary 4.32. Let G be a topologically finitely generated pro-p group. There is no other topology
on G making it into a profinite group.
In other words, the group structure determines the topology.

Proof. If T7 is the given topology on G and 7 is another topology making G into a profinite group,
then the identity (G,71) — (G,7s) is continuous by Theorem 4.31, so it is a homeomorphism:
T ="Ta. O

4.5 Hensel’s Lemma and p-adic arithmetic

Lemma 4.33. Let f(x) € Z,[x] be a polynomial with coefficients in Z,. Then f has a root in Z, if
and only if it has a root in Z/p*7Z for all k > 0.

Proposition 4.34 (Hensel’s Lemma for square roots). Let p be an odd prime. Suppose \ € Z, is
a nonzero square modulo p, i.e. there exists ry € 7 such that A = r? # 0 mod p. Then there is a
unique p € Zy, such that

ri  mod p.

0t =) and p

Proof. We construct a sequence (ry) k>1 i Z, unique modulo p¥, such that r,.; = r, mod p* and
(r)* = A mod p*. It will follow that (ry),., defines an element p € Z, such that p?> = X. Suppose

we have constructed ry,..., 7, and consider rj, + p*a for 0 < a < p. Since r? = A mod p*, we can
write r7 = X + p*by, for some by, € Z,. Hence,

2
(rk +pka) = X+ p"by, + 2p%ary, + p**a® = X+ p* (b + 2ar,)  mod pt.

Now, modulo p,
b + 2ary, = by + 2ar; mod p.

Since 2ry is invertible modulo p, there is a unique 0 < ax < p such that by + 2axrry =0 mod p. Set
Tkl = Tk + pkak. L]

Lemma 4.35. Let f(x) € Zylx], r,a € Z, and k > 1. Then
f(r+p"a) = f(r) +ptaf'(r) mod p*.

Proof. Since the statement is linear in f, it is enough to show the result when f(x) = z™. The
binomial formula then implies that

(7, _'_pka>n _ Tn + npkarnfl + Z <T.L>pkiairni = rn + npkarnfl HlOd karl' n
i—2 \!
Proposition 4.36 (Hensel’s Lemma). Let f(x) € Zy[z] and k € N. Let r € Z, such that
f(r)=0 mod p* and f'(r)#0 mod p,

where f' denotes the formal derivative of f. Then there exists a unique p € Z, such that f(p) =0
and p = r mod p".

Proof. Same proof as in the case of square roots (Proposition 4.34), using Lemma 4.35. n
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4.6 p-adic matrix groups

Definition 4.37 (GL® (Z,) and SL¥ (Z,)). We define
GLY® (Z,) = Ker (GL, (Z,) = GL, (Z/p*Z)) = {I + p"B, B € Mat,, (Z,)},
SLY (Z,) = Ker (SLy (Z,) = SL, (2/p*2)) = {A € GLY (Z,), det A=1}.

Proposition 4.38. Both GL{" (Z,) and SL{" (Z,) are pro-p groups.
Proof. Note that
GLY (2,) = lim GLY (2/p*Z) = lim {1+ pB, B € Mat,,, (Z/p*Z)},

= k>0

T
o

and the group {I +pB, B € Mat,,, (Z/ka)} has order p™’*=1_ Moreover, SLM (Z,) is a closed
subgroup of GLY (Z,), so it is also a pro-p group. ]

Notation 4.39. In this section, the prime p will always be assumed to be odd (i.e. p # 2).
Lemma 4.40. Let r > 1. Then for all A € Mat,,,, (Z,), there exists E € Z[A] such that
([_'_prA)P:[+pr+1A+pr+2E
=7+p ™A modp .

Proof. Write the binomial expansion of (I + p"A)” and note that terms other than I and p"*'A are
(zz) p"t A for £ > 2, which always has a factor p"*? (because p # 2). O

Lemma 4.41. Ifp # 2, then 2} = 7, x Z/(p — 1)Z.

In particular, Z, has no element of order p.
Proposition 4.42. The continuous function A — AP defines a surjection
GL%k) (Zy) — Gngk—H) (Zy) -
The same is true for SL,.

Proof. We want to find a p-th root of I + p**'A € GLF+Y (Z,). By induction on n, we prove that
for all m > 1, there are matrices B,,, E,, € Z[A], such that

Bimi1 = B,, mod p™ and (I + pkBm)p = I+ pt LA 4 pitmtip
It will follow that (B,,),,, defines an element B € Mat,, , (Z,) = fm . Mat,, (Z/p™7Z), and that
(I +pkB>p = I+ p*tA. Form =1, take B; = A, and use Lemma 4.40 to find E; € Z[A] such that
(I + pkA)p =T+ p" A+ pF2E,.
For the inductive step, define B,,,1 = B,, — p""E,,. Then
(140" Buss)” = (1 4+0"Bo) =" B )’

= (I+9"Bn)" = P By, (149" Bn) + O (pF42)

= [+ pFt A4 pttmtlE  — phtmtlp ([ +0 (pk>) + 0 (pk+m+2)

— [ 4P A4 g

for some E,,+1 € Z[A]. This completes the induction and shows that A — AP is a surjection
GL{ (Zp) — GL{H (Zp).

For SL,, it suffices to prove that if det C? = 1, then det C' = 1 (for C' € Mat,,,, (Z,)). This is a
consequence of Lemma 4.41. O
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Lemma 4.43. If A, B € Mat,,,, (Z,), then
(I+p*A) (I+p"B) =1+p"(A+B) mod pt*!
= ([—l—pkB) (I—i—pkA) mod pFtt.
Proposition 4.44. For all k > 1,
® (GLY (2,)) = GLI (2,),

and
2

GL (Zy) |GLY (Z,) = Fy

p
Proof. Note that

GLY (Z,) /GLED (2,) = {1 + p* B, B € Maty, (Z,)} /p" Mat,, , (Z,).

Hence ‘GL%’“) (Z,) JGLU+ (Zp)‘ — p™. Moreover, Lemma 4.43 implies that GL® (Z,) /GL¥ (Z,,)
is abelian and of exponent p, so it is isomorphic to F;f for some d, and therefore

GLY (Zy) |GLIE (Z,) = Fy .

p

Now Proposition 4.42 implies that
GLE™ (2,) € (GLY (2,))" € @ (GLY (Z,)).

Since ¢ (IFZQ) — 1, it follows by Proposition 4.10 (applied to the quotient map GL® (Z,) — F*)
that @ (GLY (Z,)) = GLEY (2,). O
Corollary 4.45. For all k > 1, the mapping A — AP induces an isomorphism
GLP (Z,) [GLEY (Z,) = GLE (Z,) [GLE (Z,).

Proof. This map is surjective by Proposition 4.42; it is a group homomorphism, and the two groups
have the same order by Proposition 4.44. O]
Theorem 4.46. If H is a closed subgroup of GL (Z,), then

d(H) <d(GLY (Z,)) = n’.
Proof. Tt suffices to show that d(H) < n? for all subgroups H of each finite group

G = GLY (z,) JGLE (2,).
Let H < G, set

G =GL™ (z,)/)GL* Y (Z,)  and  H,, = HNG,,.

We prove be top-down induction that d (H,,) < n? This is true for m = k ercause Hj, is a subgroup
of Gy = . For the inductive step, note that H,,/Hy 1 < G /Gy £ F) and let

e =dimg, (Hp/Hpi1) < n?.

Take e elements hy,...,h. € H,, whose images generate H,,/H,,.;. Corollary 4.45 implies that
the p-power map gives an isomorphism G,,/Gi1 — Gui1/Gmio; hence, b ... hP are linearly
independent in H,,11/Hpio < Gry1/Gmaa = IFZQ, hence they are also linearly independent in
Hypi1 /P (Hpp1) since there is a surjection Hy,p1 /P (Hpy1) = Hig1/Hmio. By extending to a basis,

we can find d — e elements y1,...,Yg—e € Hpi1 (where d = d (H,,41)) such that

Hm+1 = <h11)a"'>h§7y17---ayd—e> .

Then
Hm = <h17---ahe>Hm+1 = <h17--'ah67y17"'ayd—e>7
so d(H,,) < d(Hyy1) < n? as required. O
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Corollary 4.47. There is no closed nonabelian free pro-p subgroup F(p) C GL, (Zy).

Sketch of proof. Note that ﬁ(p) has a normal subgroup of index p” for all n. These are free pro-p
groups by a form of the Basic Correspondence, and they have rank p""~Y +1 by Nielsen-Schreier. [

Remark 4.48. Compare Corollary 4.47 with the fact that SLy (Z) has a free subgroup of rank 2 (and
therefore of every finite rank).

Theorem 4.49. Let G be a pro-p group. Assume that there exists R > 0 such that d(H) < R for
all closed subgroups H < G. Then there is an abelian normal subgroup A = 75 of G for some e < R
such that G /A injects into the direct product of GL, (Z,) with a finite group.

5 Cohomology of groups

5.1 Group rings and chain complexes

Definition 5.1 (Group ring). Given a group G, its group ring is the free abelian group ZG (some-
times denoted by Z|G]) with basis G, with multiplication defined on basis elements by g - h = gh.
There is a multiplicative identity le, which we denote by 1.

Note that ZG is not commutative, except if G is abelian. Moreover, ZG may not be an integral
domain (e.g. if G has finite order elements).

Definition 5.2 (G-module). Given a group G, a (left) G-module is a (left) ZG-module, i.e. an
abelian group M equipped with a function (r,m) € ZG x M w— r-m € M satisfying

(i) 7+ (my+mg) =71 -mqy+1r-mg for allr € ZG and my,ms € M,
(ii) 71+ (ro-m) = (rire) -m for all ri,79 € ZG and m € M,
(iii) (r14+re)-m=r1-m+re-m for all ri,ry € ZG and m € M.

Note that we only need to think about the action of basis elements. Hence, a G-module can be
defined equivalently as an abelian group M together with a map G — Aut(M).

A G-module is trivial (or has trivial G-action) if g-m =m for all g € G and m € M.

A morphism of G-modules (or G-linear map) is a group homomorphism f : My — My such that
f(r-m)=r-f(m) forallr € ZG and m € M.

Given G-modules My, My, the Hom-group Homg (My, Ms) is the set of G-linear maps My — M,
with a structure of abelian group given by pointwise addition.

Definition 5.3 (Dual and induced maps). Let A, B, M, N be G-modules.
(i) A G-linear map f: A — B gives a dual map
. |Homg(B,M) — Homg(A, M)
' pr—dof '

(il) Similarly, a G-linear map h: M — N gives an induced map

- Homg (A, M) — Homg(A, N)
. ¢ ho¢ '

Definition 5.4 (Chain complex). A chain complex M, of G-modules is a (finite or infinite) sequence
of G-modules and G-linear maps

dn—l

dp, dn dn
S My S M, S M, s
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such that d,, o d,, 1 = 0, or equivalently Imd,,, C Kerd,.
The complez is exact at M, if Imd, 1 = Kerd,,. The complex is exact if it is exact at every M,,.
The homology of the complex is the sequence of abelian groups defined by

H, (M,) =Kerd,/Imd,;.
Example 5.5. (i) A complex 0 — M 4 N is exact iff d is injective.

(ii)) A complex M 4 N = 0 is ezact iff d is surjective.

(iii) A short exact sequence is an exact complex

O-)Mgd—2>M1d—l>M0—>0

5.2 Projective resolutions and cohomology

Definition 5.6 (Free G-modules). Given a set X, the free G-module on X is the set ZG{X} of
finite formal sums Y ¢ x Tox, with r, € ZG, with G-action given by r > ,cx T2 = > pex (172) .
Note that, as abelian groups, ZG = Z1{G}.

Definition 5.7 (Projective G-module). A G-module P is projective if for every surjective G-linear
map « : My — M, and for every G-linear map 3 : P — My, there exists B : P — My such that the
following diagram commutes:

k/a

M1 —>‘>M2

Proposition 5.8. Free modules are projective.

Proof. Given a: My — My and 3 : ZG{X} — Ms, choose for each z € X an element m, € M; such
that o (m,) = B(x), and define 3 : ZG{X} — M, by B(Cpex T2T) = Xpex TeMa- O

Definition 5.9 (Projective resolution). A projective resolution (resp. free resolution) of Z by G-
modules is an eract sequence

dn dn d: d d,
—>Fn+1i>Fn—>%2F1%1FO—O>Z—>O,

where Z has trivial G-action and each F, is projective (resp. free).

Example 5.10. Let X be a connected simplicial complexr whose universal cover X is contractible.
Let G = mX and let X, be the set of n-simplices of X. Hence, G acts on X with quotient X and
without fized point, so the set of n-simplices of X is in bijection with G X X,,. The reduced simplicial
chain complex of X takes the form

= LG{Xe} - ZG{ X} - ZG{Xo} - Z — 0
this is a free resolution of Z by G-modules.

Definition 5.11 (Group cohomology). Let F, be a projective resolution of Z by G-modules, and let
M be a G-module. Take Hom-groups to get a cochain complex

o &£ Homg (Fy, M) <& Homg (Fy, M) <= Homg (Fy, M).
The n-th cohomology group of G with coefficients in M 1is
H"(G,M) = Kerd""' /Tmd".

FElements of Ker d**! are called n-cocycles, elements of Im d™™* are called n-coboundaries.
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Example 5.12. Consider the group G = 7Z, written multiplicatively as Z = (t). Then the chain
complex

052G 726570

is a free resolution of Z by G-modules, where € (deg ngg> = Y yecNg and di (x) = x(t —1). To
compute H" (Z, M) for a G-module M, we apply Homg (—, M), yielding

0 < Homg (ZG, M) <~ Homg (ZG, M).

Now it is a general fact that there is an isomorphism of abelian groups Homg (ZG, M) = M given
by ¢ — ¢(1), and under this identification, d* : M — M is multiplication by (t — 1). It follows that

HY(Z,M) =Kerd" = {m € M, (t — 1)m = 0}

={me M, VgeG, gm=m}=MC°,
HI(Z, M) = M/ {(t — 1)M) = Mg,
HY(Z,M)=0 forn=>2.

Definition 5.13 ((Co-)invariants). Given a G-module M, the module of invariants of M is
MC={me M, YgeG, gm=m},
and the module of co-invariants of M is
Mg =M/ {{gm—m, g€ G, me M}).
Proposition 5.14. If G is a free group, then H"(G, M) =0 for all n > 2.

Proof. Let X be a wedge of circles with m X = G. The universal cover X is a tree — so it is
contractible. By Example 5.10, the chain complex of X gives a free resolution of Z by G-modules,
and it has no n-cells for n > 2. O

Definition 5.15 (Cohomological dimension). A group G has cohomological dimension n (and we
write ¢cd(G) = n) if H™"(G, M) = 0 for all G-modules M and for all m > n, and if there exists a
G-module M such that H"(G, M) # 0.

If no such n exists, we set cd(G) = c0.
Remark 5.16. It was proved by Stallings and Swan that free finitely generated groups are the only

(finitely generated) groups of cohomological dimension 1.

5.3 Chain maps and induced maps on cohomology

Definition 5.17 (Chain map). Let (As, ) and (B, 5e) be two chain complezes of G-modules. A
chain map fo : Ae — B, is a sequence of G-linear maps f, : A, — By, such that f,_1 0o, = 5,0 f,
for all n.

Proposition 5.18. A chain map f, : Ae — B, induces maps f. : H, (As) = H,, (B,).

Proof. We have f, (Kera,,) C Ker 3, and f, (Imay,1) C Im g, for all n because of the identity
fno10a, = B, 0 fn. It follows that f, induces a map

fe: Hy (As) = Keray,/ ITmay, 1y — Ker 8,/ Im 8,11 = H, (B,) . O
Corollary 5.19. If f : M — N is a G-linear map, then there are induced maps

f.: HM(G, M) — H™(G, N).
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Proof. Let F, be a projective resolution of Z by G-modules, and note that there is a chain map
Homg (F,, M) — Homg (Fs, N). O

Lemma 5.20 (Snake Lemma). If

0— A, L% B, = 0, = 0

is a short exact sequence of chain complexes, then there are natural maps 0, : Hp11 (Ce) — H, (As)
such that the sequence

s Hy (A L5 H, (B 25 H, (C)) 2% Hy oy (Ad) — -+

s exact.

Lemma 5.21. Let
O—>M1L>M2i>M3—>O

be a short exact sequence of G-modules, and let F' be projective. Then the sequence of abelian groups
0 — Homg (F, M) L5 Home (F, M) 2 Home (F, Ms) — 0

15 exact.

Proof. Ker f, = 0: if fup = fo¢p =0, then Im¢ C Ker f =0, so ¢ = 0.
Ker g, = Im f,: we have g, f,¢ = go fo¢ = 0 because go f = 0, so Ker g, D Im f,. Conversely, let
Y € Ker g, C Homg (F, Ms). For € F, we have g (¢¥(z)) = (9.¢) (z) = 0, so ¢(x) € Kerg = Im f,
hence there exists y € M such that z = f(y). Set y = ¢(x), so that ¢ is G-linear and ¢ = f,¢ € Im f,.
Im g, = Hom (F, M3): this is by definition of projectivity. O

Proposition 5.22. If
0> M — My — M;—0

is a short exact sequence of G-modules, then there is a long exact sequence
o= H" (G, My) — H" (G, My) — H" (G, M3) — H" "' (G, M;) — - - - .

Proof. If F, is a projective resolution of Z by G-modules, then Homg (Fy, M;) give a short exact
sequence of chain complexes by Lemma 5.21; it then suffices to apply the Snake Lemma (Lemma
5.20). O

5.4 Different projective resolutions

Theorem 5.23. Given a G-module M, the definition of H"(G, M) does not depend on the choice of
projective resolutions.

Proof. Let (F,,d.) and (F},d,) be two projective resolutions of Z by G-modules. We will construct:
o Chain maps f, : Fy — F] and g, : F} — Fi,
o Maps s, : F,, = F,41 such that d, 115, + Sp_1d, = gnfrn —idE,,
e Maps s;, : F, — F,_, such that d,,_,s), +s,,_,d;, = frg, —idpr,

Then f, and g, will give dual chain maps f; : Homg (F., M) — Homg (F,, M), inducing maps
on cohomology fF : HE (G, M) — H} (G, M), and similarly g} : Hp (G, M) — H} (G,M). The
existence of the maps s,, and s/, will imply that

fagn = dup G, and g, f, = idun, ),

ie. HL(G,M)= HL (G, M).

Construction of f.. Set f_; =idy : Z — Z. Since dj, : Fj — Z is onto and Fj is projective, there
exists fo : Fy — F{ such that djfo = f-1dp. Then continue inductively: if f,_; and f,, have been
constructed so that the diagram
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Foia A1 F, dn

fn—&-li fn J
Fi

F,—

f n—ll
dgm—&-l F/ d% /

] —— """

commutes, then d), f,d,+1 = fn_1dndni1 =0, so
Im (fndny1) € Kerd), =Imd,,_,

and by projectivity of F,,; 1, there exists fn41 : Fy1 — F, ., such that fod,i1 = d), | foi1-
Construction of s,. Set h, = g,f, — id, and perform a similar inductive construction so that
dn+18n = hn — Sn—ldn‘ ]

Definition 5.24 (Bar resolution). Denote by G™ the set of symbols [g1 | -+ | gu] for g1,..., 90 € G
(and G = {[]}). The bar resolution of G is the chain complex

dn dn, d: d d
s B SRS S0 SRS 0,

defined by . {G( )}
F,=7 e

and with transition map d, : F,, — F,_1 given by
do(lgr |-l gn]) =g1lg2 |- [ gn) = [192 | 93 | -+ | gnl + 91 | 9293 | -~ | 9u]
-t (—1)n_1 [91 | | Gn—2 | gn—lgn] +(=1)" [91 | ’ gn—l] )
and dy ([]) =1 € Z.
Proposition 5.25. The bar resolution is a free resolution of Z by G-modules.

Proof. First compute d,d,+1 = 0 to show that F, is a chain complex. To prove exactness, we use a
“chain homotopy”: forget the G-action and define s, : F,, — F, 11 by

sn(goloi |-+l gnl) =190 91| |gnl

Note that this is a homomorphism of abelian groups (but not a G-linear map). Show that idg, =
dpy1Sn + Sp_1dy; this implies that F, is exact. O

Definition 5.26 (Group of n-cochains). The group of n-cochains of G with coefficients in M is
C™"(G, M) = {functions G* — M} = Homg (F,,, M),
where Fy is the bar resolution. The n-th coboundary map is d" : C""Y(G, M) — C"(G, M) given by
"¢ (Grs- -3 90) = 10 (92,1 Gn) — ¢ (9192, G35 - - -, gn) + (91, 92935 - - -, Gn)
— (_1)n71¢ (917 <o 9n—2, gnflgﬂ) + (_1>n¢ (917 cee 7gn71)

for¢: Gt — M.
The group of n-cocyles is Z"(G, M) = Ker d"™! and the group of n-coboundaries is B"(G, M) =
Imd"™. Since the bar resolution is a free resolution of Z by G-modules, we have

H™G, M) = m

Example 5.27. (i) H(G, M) = M¢.
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(i) HY(G, M) = —_crossed homomorphisms __ = ypore g crossed homomorphism is a map ¢ : G — M
) principal crossed homorphisms’
such that

¢(gh) = go(h) + 6(g),
and a principal crossed homorphism is one of the form ¢(g) = (¢ — 1)m for some m € M.
Proof. (i) Consider the map d*' : C°(G, M) — CY(G, M); it is given by d'é(g) = (g — 1)¢(+), so

H°(G, M) = Kerd' = M€ under the isomorphism C°(G, M) = M.
(ii) Note that d? is given by

d*¢(g, h) = go(h) — d(gh) + ¢(g),

so Ker d? is the set of crossed homomorphisms, and the above shows that Im d* is the set of principal
crossed homomorphisms. O

5.5 Maps induced by group homomorphisms

Proposition 5.28. Let a: Gy — G be a group homomorphism. Let M be a Gy-module, and let G,
act on M via a. Then there is a natural homomorphism

o H" (GQ,M) — H" (Gl,M) .
Proof. Consider the chain groups C" (G2, M). Given f € C" (G2, M), set

n

o f = <G7f o an 4, M) € C" (G, M).
These maps o* form a chain map, so they give maps on cohomology groups. O]

Remark 5.29. Suppose we have a short exact sequence of groups
l1-H—-G—>0Q—1.

In general, there is no long exact sequence of cohomology groups in the style of the Snake Lemma.
For instance, take H = Q = 7 and G = Z2. A long exact sequence of cohomology groups would have
to contain 0 = H*(Z,7) — H*(Z*,Z) — H*(Z,7) = 0, which is impossible because we will prove
that H? (Z*,Z) = Z.

Howewver, there is some relation to be studied in low dimension (for more on this, see “spectral
sequences”).

Lemma 5.30. Let H < G and let M be a G-module. Let G act on C"(H, M) via

(9-6) (h1, b)) = g (6 (97 g, .97 hag))

for ¢ € C™"(H, M). This gives an action of G on H"(H, M). Moreover, H acts trivially, so we can
think of it as a G/H-action.

Proof. There is an induced action on cohomology because each g acts as a chain map, i.e.
d"(g-¢)=g-d"¢

for ¢ € C"1(H, M). Moreover, H acts trivially because if ¢ € Z"(G, M), then h-¢ — ¢ € Imd" for
all h e H. ]

Remark 5.31. Assume that M has trivial G-action. Then H'(H, M) is the set of crossed homo-
morphisms ¢ : H — M, with G-action given by

(9-6) (h) = ¢ (g7 'hg).
An element of H' (H, M)G is called a G-invariant homomorphism H — M.
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Theorem 5.32 (Five term exact sequence). Suppose we have an exact sequence
l1-H—-G—>0Q—1,
and let M be a G-module. Then there is an exact sequence
0= H' (QM") » H' (G, M) — H'(H,M)® — H* (Q,M") — H* (G, M)
Sketch of proof. The maps in the exact sequence are constructed as follows:

« Restriction maps H"(G, M) — H"(H, M)® are given by ¢ — ¢z .
o Inflation maps H" (Q,MH) — H"(G, M) are given by ¢ — <G” o on S MHE C M)

o For the transgression map Tg : H'(H,M)% — H? (Q,MH), choose a set-theoretic section
s : Q — G (this amounts to choosing a set of coset representatives for H), assuming that
s(1) = 1. Define p: G — H by

plg)=g-s(gH)™".
Now if ¢ : H — M is a (Q-invariant) cocycle, define T'g(¢) : G* — M by

Tg(9) (g1,92) = ¢ (p(91) p(92)) — & (p (9192)) -

In fact, T'g(¢) induces a map Q* — M. O
Corollary 5.33 (Hopf’s Formula). Let F' be a free group, R < F and Q = F/R. If A is an abelian

group with trivial F-action, then
H2(Q, A) = Hom(R, A)¥  {f € Hom(R, A), Vw € F, Vr € R, f (w™'rw) = f(r)}
) Hom(F, A) {f|R7 f € Hom(F, A)} :

Proof. The five-term exact sequence of 1 - R — F — () — 1 can be written as
0 — Hom(Q, A) — Hom(F, A) — Hom(R, A)¥ — H*(Q,A) — 0. O
Example 5.34. Let Q = (xy1,...,xq4 | T1,...,7) be a finitely presented group. Then

rk H' (Q,Z) < d and rk H? (Q,Z) < n.

5.6 Cohomology and group extensions

Definition 5.35 (Group extension). Let E be a group with an abelian normal subgroup M. If
G = E/M, we say that E is an extension of G by M.

Two extensions E, E' of G by M are equivalent if there is a commutative diagram of homomor-
phisms:

Lemma 5.36. Equivalent extensions are isomorphic as groups.
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Proof. We show that the map f of the diagram of Definition 5.35 is an isomorphism.
Injectivity. 1f f(e) = 1, then p(e) = p'f(e) = 1, so e € Kerp = Imi, and e = i(m) for some
m € M. Then i'(m) = f (i(m)) = f(e) =1, so m = 1 by injectivity of ¢’ and therefore e = 1.
Surjectivity. Let ' € E'. By surjectivity of p, there exists e € E such that p(e) = p’ (¢/). Hence
P (fle)te) = ple)'p' (¢') = 1, so f(e) e € Kerp’ = Im7’, and there exists m € M such that
i' (m') = f(e)~e¢/. Therefore, ¢ = f (ei(m)) € Im f as required. O

Remark 5.37. Let E be an extension of G by M. Then the conjugation action of E on M reduces
to a G-action, so M comes with the structure of a G-module. If the G-action on M is trivial, the
extension is called central.

Definition 5.38 (Split extension). Let E be an extension of G by M. We say that the extension is
split if there is a group homomorphism s : G — E such that (G S EL G) =idg.

Remark 5.39. Given a G-module M, the semidirect product E = M x G is an extension of G by
M. The underlying set is M x G, and the group operation is defined by

(M1, 91) (M2, g2) = (M1 + g1 - M2, G192) -
This is a split extension.

Proposition 5.40. Let M be a G-module. Any extension E of G by M which splits is equivalent to
M xG@G.

Definition 5.41 (Normalised cocycle). Let M be a G-module. A cocycle ¢ € Z*(G, M) is said to be
normalised if ¢(1,g) = ¢(g,1) = 0py for all g € G.

Lemma 5.42. Let E be an extension of G by M.

(i) Let s : G — E be a (set-theoretic) section, i.e. a function such that (G SEL G) = idg and
s(1) = 1. Consider ¢ € C*(G, M) defined by

¢ (91,92) = 5 (g1) 5 (92) 5 (192) " € M.
Then ¢ € Z*(G, M). Moreover, ¢ is a normalised cocycle.

(ii) If ' : G — E is another section and ¢’ is the corresponding cocycle, then

¢—¢' € B*(G,M).

Proof. (i) The definition of ¢ can be rewritten as
¢ (91, 92) 5 (9192) = s (91) s (g2) -
Using this, we compute s (g1) s (g2) s (g3) in two different ways:
s(91) s (92) 5 (93) = ¢ (91, 92) 5 (9192) 5 (93) = ¢ (91, 92) @ (9192, 93) 5 (919293) ,

and

S (91) S (92) S (93) =S (91) o (92, 93) S (9293) =S (91) o (92, 93) S (91)_1 S (91) S (9293)
=5(1) 6 (92, 93) 5 (91) " & (g1, 9295) 5 (919293) -

Comparing these two equalities yields
& (91,92) 6 (9192, 93) = 5 (91) & (92, 95) 5 (1) & (91, 929s) ,
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or in additive notation in (M, +),

(g1, 92) + ¢ (9192, 93) = g1 - ¢ (92, 93) + ¢ (91, 9293) ,
ie. d¥¢=0.
(i) Define ¢ € C*(G, M) by

Then

' (g1) 8" (g2) = ¥ (1) 5 (91) ¥ (92) s (92) = ¥ (g1) s (g1) ¥ (g2) 5 (91) " s (g1) s (g2)
= (1) s (g1) % (g2) 5 (91) " & (91, 92) 5 (9192)
=¥ (91)5(91) ¥ (92) 5 (1) ¢ (91, 92) ¥ (9192) " 8 (9192) -

Therefore, in additive notation in (M, +),

¢ (g1,92) = ¢ (q1) + 91 -V (92) + & (91, 92) — ¥ (g1, 92) = & (9192) + d°¥ (91, 92) - L

Lemma 5.43. Let M be a G-module. Then every cohomology class in H*(G, M) is represented by
some normalised cocycle.

Proof. Let ¢ € Z?(G, M) and define v € CY(G, M) by ¥(g9) = ¢(1,g). We claim that ¢ — d*) is
normalised. Indeed,

(6 — %) (1,9) =6 (1,9) = (1-6(1,9) — & (1,19) + ¢ (1,1)) = 6 (1,9) — 6 (1, 1),

These two are both zero because ¢ € Z%(G, M), so we have for instance,

O:d?’gb(l,l,g) = 1¢(1vg)_¢(17g)+¢(1ag)_¢(171) :¢(179)_¢(171) L

Theorem 5.44. Let M be a G-module. Then the set of equivalence classes of extensions of G by M
is in bijection with H*(G, M).

Proof. By Lemma 5.42, we can associate an element of H?(G, M) to each extension of G by M;
moreover, equivalent extensions give the same element of H?*(G, M). We now need to construct an
inverse map.
Let [¢] € H?(G, M), where ¢ is a normalised cocycle. Define a group structure on the set M x G
by
(m1, g1) (M2, g2) = (M1 + g1 - ma + ¢ (91, 92) , 9192) -

Using the facts that d3¢ = 0 and ¢ is normalised, we check that this is a well-defined group operation
on M x G. Moreover, this is an extension Ey of G by M. Now if ¢’ is a normalised cocycle such

that ¢ — ¢’ = d*¢, then the map
(m,g) € Ey — (m+v(g),9) € Ey
is an equivalence of extensions. O

Remark 5.45. Suppose that G has a presentation G = (xq,...,x, | r1,...,Tm). Let A be an abelian
group with trivial G-action. Let F be the free group on {x1,...,z,} and R = Ker (F - G).

Let E be a central extension of G by A. Choose some preimage T; € E of each generator x;
of G. Let 7; be the element of E given by replacing each occurrence of x; in r; with 7;. Then
7, € A=Ker (E — G). Consider the group

E={(T1,....Tn,A|T1,...,Tm, A central, relations of A) .

Then there is a commutative diagram:
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E

/\G

~.

It follows that E >~ E, so we have a group presentation for E.

Now we define an F-invariant homomorphism R — A by r; — T;. We check that this is well-
defined. We made a choice of preimages T;; had we made a different choice, the resulting homomor-
phisms R — A would have differed by a homomorphism F — A.

This gives a correspondance between equivalence classes of extensions of G by A and elements of
Hom(R,A)¥
Hom(F,A) ’

A

E

in agreement with Hopf’s Formula (Corollary 5.33).

Example 5.46. Let G = <x1,x2 | xlxgxf1x51m1>. Then H*(G,Z) = 0.

Proof. Consider a central extension E of G by Z. Following the argument of Remark 5.45, E has a
presentation of the form

E— <T1,T2,t | T T Ty Tt Rt Centra1>
for some k € Z. By substituting Z; — 7t =" = 7, we obtain

E <i1,@,t | T th Tt Ty Tt Rt Centra1>
> (31, T, t | T1ToT; ', 12 L, t central
= (T, To,t | T1T2%, T, T, ,1 centra

=27 x (.

Hence all extensions of G' by Z are split, so H?(G,Z) = 0 by Theorem 5.44. [

5.7 Worked example: central extensions of Z?

Example 5.47. All central extensions of Z2 by Z are equivalent to a group

1 pr m
0 1 s|,rsmeZy,,
0 0 1

where the chosen central copy of 7 is generated by the above matriz forr =s=0 and m = 1.

Proof. Write T' = Z? = (a,b) with multiplicative notation. We begin with the free resolution
02T 5 (27 % 2T 5 7 — 0,
where ¢ is the augmentation map, given by 1 — 1; a(z,y) = z(a — 1) + y(b — 1), and f(z) =
(2(1 = b),z(a—1)). We check that this is indeed exact. Hence, to compute H*(T,Z), we apply
Homy (—,Z):
0 < Homy (2T, Z) <~ Homy ((ZT)* , Z) <~ Homy (ZT,Z).

We check that a* = 0 and $* = 0 (using the fact that the T-action on Z is trivial). It follows that
H*(T,7Z) =7 and H'(T,Z)=7* and H°(T,Z)=7.

Next, we compare the above free resolution with the bar resolution, using the method of Theorem
5.23. We want to construct maps fi, fo such that the following diagram commutes:
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zr{r) 2 gy U gy € Z 0
f2, fi idJ idJ
zr— P gy g€ Z 0

Introduce the notation

1

1 r—=1 f >0
S(e,r) = +c+---+c ?7’ c
—c == itr <0

for ¢ € {a,b}, so that (¢ —1)S(c,r) = ¢" — 1. Now define fi, fo by
fi:[a"b’] — (b°S(a,r),S(b,s))
fo: [arbs \ atbu} — S(a,r)b°S(b,u).

Now, let us find a cocycle ¢ € Z? (T, Z) representing a cohomology class p € Z = Homy (ZT,7Z) =
H?(T,Z). Such a cocycle is given by the composition (T2 EENG/fy (AN Z). We find

0] (arbs, atb“) = pru.
The group structure on Z x T' corresponding to this cocycle is given by
(m,a"b®) x (n, atb") = (m +n + pru, a”tbsﬂ) :

This is isomorphic to the given matrix group. O]

5.8 Cohomology of profinite groups

Definition 5.48 (Finite G-module). Let G be a profinite group. A finite G-module is a finite abelian
group M with a continuous G-action G x M — M.

Definition 5.49 (Cohomology of profinite groups). Let G be a profinite group and let M be a
finite G-module. We define C"(G, M) to be the set of continuous functions G" — M, and d" :
C" Y G, M) — C™"(G, M) with the same formula as in Definition 5.26. We can then define

H™(G, M) = Kerd™'/Im d".

Remark 5.50. All general results about the cohomology of abstract groups will remain true for profi-
nite groups, where all groups are assumed to be profinite, all functions are assumed to be continuous,
and all G-modules are assumed to be finite.

Remark 5.51. (i) We restrict our attention to continuous maps, because for instance Hom (Z, M)
is mice only when homomorphisms are assumed to be continuous.

(ii) We restrict our attention to finite G-modules, because otherwise bad things may happen: writing
the short exact sequence 0 — Z — Q — Q/Z — 0 with trivial Z-action, computing the

cohomology groups and writing the induced long exact sequence yields H? (Z, Z) # 0. This is
bad: free profinite groups should have cohomological dimension 1.

5.9 Cohomological dimension of pro-p groups

Definition 5.52 (Cohomological dimension). A profinite group G has cohomological dimension n,
and we write cd(G) = n, if H™(G, M) =0 for all m > n and for all finite G-modules M, but there
exists a finite G-module M such that H"(G, M) # 0.
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Example 5.53. The only pro-p group G such that H' (G,F,) = 0 is the trivial group.
Therefore, non-trivial pro-p groups have cohomological dimension at least 1.

Definition 5.54 (Simple G-module). A G-module M is simple if its only G-submodules are 0 and
M.

Proposition 5.55. Let G be a profinite group such that H"(G,S) = 0 for all simple finite G-modules
S. Then H"(G, M) =0 for all finite G-modules M.

Proof. Suppose the result is not true and take M of minimal size such that H"(G, M) # 0. Then
M is not simple, so there exists a proper non-trivial submodule N < M. We have a short exact

sequence
0—-N—>M-—M/N—0

of G-modules. Proposition 5.22 gives a long exact sequence in cohomology:
-++— H"(G,N) - H"(G,M) - H" (G,M/N) — --- .
But H"(G,N) = H" (G, M/N) = 0, and therefore H"(G, M) = 0, a contradiction. O

Definition 5.56 (p-primary component). Given a finite G-module M and a prime p, the p-primary
component of M is its p-Sylow subgroup M,. Hence

M= @ M,

p prime

Proposition 5.57. Let G be a pro-p group and let M be a finite G-module. Then forn > 1,
H"(G,M)=H" (G, M,).
Proof. We have M = M, ® M’ where M' = @, M,. Therefore
H" (G,M)=H"(G,M,)® H" (G,M").

We will prove that H™ (G, M') = 0. We first note that this is true if G is a finite p-group. Then we
take a continuous function ¢ : G™ — M’.

We claim that ¢ factors as G" — (G/K)" 2K, M for some open normal subgroup K < G. To
prove this claim, we need to find K such that ¢~(m) is a union of cosets of K™ for all m € M. But
for m € M, $~'(m) is open and closed in G, so it is a union of cosets of open subgroups of G". By

compactness, we need only finitely many such cosets (giym + KZ"m> to cover ¢~!(m). It now

1<i<rm,

suffices to take K = (,,; K. This proves the claim.
But G/K is a finite p-group so H" (G/K, M') = 0. Hence there exists ¢k : (G/K)"" — M such
that ¢x = d"px. Now set ¢ : G — (G/K)" YK, M, so that ¢ = d™p. O

Remark 5.58. The middle section of the proof of Proposition 5.57 actually shows that
H" (im G/K, M) = lim H" (G/K, M) .
Proposition 5.59. If G is a pro-p group, then the only simple p-primary G-module is IF,.

Proposition 5.60. If G is a pro-p group such that H" (G,F,) =0, then H" (G, M) = 0 for all finite
G-modules M .

Proposition 5.61. Suppose that there exists N > 0 such that H (G, M) = 0 for all G-modules M.
Then c¢d(G) < N — 1.
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Proof. We prove the result for abstract groups G. If M is a G-module, consider Hom (ZG, M). This
is a G-module (called the conduced module) with

(g-f)(x)= f(zg)

for f € Hom (ZG, M) and = € ZG. We can prove that H" (G, Hom (ZG, M)) = H" (1, M) = 0 for
n>1.
Now there is an injective map

a:méeMr— (x+— xm) € Hom (ZG, M) .

If M' = Hom (ZG, M) /M, we have a short exact sequence 0 — M — Hom (ZG, M) — M' — 0,
inducing a long exact sequence in cohomology

oo = HY (G,Hom (ZG, M)) — HY (G, M') — HN™' (G, M) — H"*' (G,Hom (ZG, M)) — - - .
Hence HYTY(G, M) = 0 for all M. O

Theorem 5.62. Let G be a pro-p group. Then

cd(G) =max{n >0, H" (G,F,) # 0}.

5.10 Pro-p groups of cohomological dimension 1

Notation 5.63. From now on, all pro-p groups will be assumed to be topologically finitely generated.
Corollary 5.64. Free topologically finitely generated pro-p groups have cohomological dimension 1.

Proof. Let G = F(X) be the free pro-p group on the finite set X. By Theorem 5.62, it suffices
to prove that H? (F(X),F,) = 0 — i.e. every extension of F(X) by F, splits. Hence, consider an
extension

l1-F,—-E—FX)—L1

FE must be a pro-p group. For each z € X, choose a preimage e, € E of x by E — F(X); then define
F(X) — E by x + e, (this is possible by the universal property of free pro-p groups). Hence, F
splits. O]

Remark 5.65. The proof of Corollary 5.64 can be used to show that free (abstract) groups have
cohomological dimension 1 (c.f. Proposition 5.14).

Theorem 5.66. Let f : G — G’ be a continuous homomorphism between topologically finitely
generated pro-p groups. Assume that:

(i) f*: H (G, F,) — H'(G,F,) is an isomorphism,
(i) f*: H*(G',F,) — H?(G,F,) is injective.
Then f is an isomorphism.

Proof. Consider the lower central p-series (Gy,),,-, of G and (G7,),,-, of G' — recall that this is defined
by G1 = G and G, 1 = [G,, G] Gi. The subgroups (Gn),s; are open in G and

G =1mG/G,,

n=0

and similarly for G’ (by Remark 4.24.(iv) and Lemma 2.30). This is fully characteristic, in particular
f(G,) C G, for all n. It follows that there are quotient maps f, : G/G, — G'/G!,. Tt is enough to
show that f,, is an isomorphism for all n (hence, f will also be an isomorphism).
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We prove by induction on n that f, is an isomorphism. For n = 2, we have G/Gy = G/®(G),

and
H'(G,F,) & Hom (G,F,) = Hom (G/®(G),F,) ;

hence, fo : G/Gy — G'/GY is a map of Fy-vectors spaces whose dual is f* : H' (G',F,) — H' (G,F,).
Since the latter is an isomorphism, so is f;. Now assume that f,, is an isomorphism. Note that
Gpn/Gry1 is a finite-dimensional vector space over [F,. Therefore, the induced map G, /G,i1 —
G, /Gl ., is an isomorphism if and only if its dual H* (G;/G;H,Fp) = Hom (G%/G;H,Fp) —
Hom (G, /G41,F,) = H' (G,,/Gy11,Fp) is an isomorphism. Now note that a homomorphism ¢ :
G, — F, factors through G, /G, if and only if ¢([g,¢']) = 0 for all ¢ € G and ¢ € G,, or
equivalently

0=06(97"(9)"99) =—0(s7'9'9) +0(g),
i.e. if and only if ¢ is G-invariant. Therefore,

H' (G,)Gri1,Fy) = H (G, F,) .

But Theorem 5.32 (applied to the short exact sequence 1 — G,, - G — G/G,, — 1) implies that
there is a commutative diagram with exact rows (all cohomology groups are with F,-coeflicients):

HY (G/G,) —— HY(G) —— H' (G,) — H?(G/Gy) —— H*(G)
e A= A e s
1 (G'/G)) —— HY(G') —— H'(G})¢ — H*(G[G,) —— H?(G)

12

The red arrows are isomorphisms by induction, and the blue ones are an isomorphism and a monomor-
phism by assumption. The Five Lemma implies that f* : H' (G, F,)¢ — H'(G,,F,) is an iso-
morphism. But we have seen that this map is dual to the map G, /Gyi1 — G),/G), ., induced by f,
so the latter is also an isomorphism. Finally, we have a commutative diagram with exact rows:

1— Gn/GnJrl - G/Gn+1 G/Gn —1
‘g fn+J fn] =
L GGl —— O [Gly @ )c —— 1
It follows that f, .1 is an isomorphism. ]

Theorem 5.67. Let f : I' — I be a homomorphism between finitely generated abstract groups.
Assume that:

(i) f*: HY(I",F,) — H' (I, F,) is an isomorphism,
(ii) f*: H*(I",F,) — H*(T',F,) is injective.
Then f : f(p) — f’(p) is an isomorphism of pro-p completions.

Proof. Consider the lower central p-series (I',),,-, of I, so that f(p) = @mo ['/T',, and proceed as in
Theorem 5.66. ; [l

Corollary 5.68. If G is a topologically finitely generated pro-p group with H* (G,F,) = 0, then G
is free.

Proof. Let d = d(G) and take a topological generating set X = {x1,...,24} for G. Let F be the free
pro-p group on X. Consider the map f : F' — G given by x; — x;. Note that the map

Fl >~ F/®(F) — G/®(G) = F!

is an isomorphism, so the dual map H' (G,F,) — H'(F,F,) is an isomorphism. Moreover, 0 =
H?*(G,F,) — H?*(F,F,) is injective, so Theorem 5.66 implies that f is an isomorphism. O
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Example 5.69. Consider G = <x1, To | 1'11'21’1_11'2_11’1> as in Example 5.46. Then G(p) = Zp.

Proof. The argument of Example 5.46 also shows that H? (G,F,) = 0. Let us determine H' (G, F,) =
Hom (G,F,): if ¢ : G — I, is a homomorphism, then 0 = ¢ (zlxgzvl_lxz_la:1> = ¢ (x1). It follows that
H'(G,F,) 2 TF,, with generator given by z; + 0 and zy — 1.

Now consider the homomorphism f : Z — G given by 1 +— z5. Then f*: H' (G,F,) = H' (Z,F,)
is an isomorphism, f* : 0 = H*(G,F,) — H?(Z,F,) is injective, so Theorem 5.67 implies that
f Ly — G(p) is an isomorphism of pro-p completions. O

5.11 Presentations of pro-p groups

Definition 5.70 (Presentation for a pro-p group). Let X be a finite set and let F be the free pro-p
group on X. Let R C F. The pro-p group with presentation | X | RJp is defined by

[ X | R], = F/(R).

Lemma 5.71. Let Fys (resp. F') be the free abstract (resp. pro-p) group on a finite set X and let
RCFys CF. IfI'=(X | R) and G= | X | R, then

Proof. We show that G and I" have the same p-quotients:

o A quotient ' — P (where P is a finite p-group) corresponds to a function X — P such that
f(r) =1 for all r € R after extending to f : F,,s — P.

« A quotient G — P (where P is a finite p-group) corresponds to a function X — P such that
f(r) =1 for all r € R after extending to f : ' — P.

The two groups have the same quotients, so the pro-p version of Theorem 3.14 implies the result. [

Lemma 5.72. Let G and L be profinite groups with G # 1. Assume that L ~ G continuously by
automorphisms. Then there is a proper open (normal) subgroup of G which is L-invariant.

Proof. Denote by p: L x G — G the (continuous) map corresponding to the action L ~ G. Consider
a proper open (normal) subgroup U of G (which exists because G is profinite so it has a finite quotient)
and set

L={{eL (- U=Uy={eL (-UCU}.

We claim that L is open in L. If this is true, then the Orbit-Stabiliser Theorem implies that the set
{€-U, ¢ € L} is finite, so Nyer, ¢ - U is an L-invariant open (normal) subgroup.

To prove the claim, let ¢ € L. For each v € U, we have ¢ -u € U, i.e. (¢,u) € p~Y(U). Since
p~1(U) is open in L x U, there exists A, open in L and B, open in U such that

(6,u) € Ay x B, C p*(U).

Since U is compact and U = Uyey By, there is a finite subset J C U such that U = U,ec; B
Consider the open set A = ,c; A, 2 ¢ and note that A C L: if a € A and u € U, then there exists
v € J such that u € B, so (a,u) € A, x B, C p ' (U), ie. a-ueU. O

Lemma 5.73. Let F' be a free pro-p group and N < F' be a closed proper normal subgroup of F.
Then the following assertions are equivalent.

(i) There is a set R C N of size r s.t. N = {(R)).
(i) dimg, H' (N,F,)" < 7.



Proof. Observe first that H' (N, F,)" = Hom (N, F,)" is the set of homomorphisms ¢ : N — F, such
that

6 (f'nf) = o(n)
for all n € N and f € F; this is in bijection with the set of homomorphisms N/N?|N, F] — F,,.

(i) = (ii) Assume that N = (R)). Note that an F-invariant map ¢ : N — F, is determined by
what it does to R; hence there is an injection H' (N, F,)" — FIFl, so dimg, H' (N,F,)" < |R|.

(ii) = (i) Suppose that dimg, H' (N, F,)" = r. Since the F,-vector space H' (N, F,)" is dual to
N/NP [N, F| by the above observation, it follows that N/NP [N, F'] has dimension r as well. Therefore,
we may choose a subset R C N of size r whose image is a basis of N/NP[N, F]. Note that R has
the property that every homomorphism N — [F, which kills R is the trivial homomorphism. Now
suppose for contradiction that N’ = (R)) € N. Then N'®(N) C N, so M = N/N'®(N) # 0. But
M is an abelian pro-p group with a continuous action of F, so Lemma 5.72 implies that M has an
F-invariant proper open subgroup U. Hence, M /U is a finite F-module which is an abelian p-group.
It follows that there is an F-invariant map M /U — F,, inducing a nontrivial map N — F, which
kills all of R. This is a contradiction. O

Theorem 5.74. Let G be a pro-p group with a finite topological generating set X. Let rx be the
minimal size of a set R C F(X) such that G = | X | R|,. Then

|X’ —Tx — dime Hl (G,]Fp) - dime H2 (G,]Fp) .
In particular, if X is of minimal size, then
rx = dimpp H2 (G, ]Fp) .

Proof. Let N = Ker (F — G), where F' is the free pro-p group on X. By Theorem 5.32, the short
exact sequence 1 - N — F' — (G — 1 induces a five-term exact sequence

0— H'(G,F,) —» H (F,F,) % H (N,F,)" & H?(G,F,) = H*(F,F,) = 0.

dim=|X| dim=rx

Therefore,
| X| — dimg, H' (G,F,) = dimIm o = dim Ker 8 = ry — dimy, H* (G, F,).
For the second assertion, note that if X is of minimal size, then
| X| = dimg, G/®(G) = dimg, Hom (G/®(G), F,) = dimp, Hom (G, F,) = dimg, H' (G,F,). O

Remark 5.75. For an abstract group I with a generating set X, we may consider the minimal size
px of a set R C F(X) such that T' = (X | R). But we have no result as strong as Theorem 5.74:

o The number | X| — px can depend on X .

o For a finite p-group I' = (X)), we certainly have rx < px. But the converse inequality is not
known.
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